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Abstract. We study, from the point of view of C-R geometry, the orbits M of 
a real form G of a complex semisimple Lie group G in a complex flag manifold 
G/Q. In particular we characterize those that are of finite type and satisfy some 
Levi nondegeneracy conditions. These properties are also graphically described by 
attaching to them some cross-marked diagrams that generalize those for minimal 
orbits that we introduced in a previous paper. By constructing canonical fibrations 
over real flag manifolds, with simply connected complex flbers, we are also able to 
compute their fundamental group. 
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1. Introduction 

A complex flag manifold is a compact complex manifold 3)t that is homogeneous 
for the action of a semisimple complex Lie group G. The orbits M in 9Jt of a 
real form G of G inherit from the complex structure of 9Jl a G-homogeneous CR 
structure. In this way we obtain a large class of CR manifolds, that we call parabolic 
CR manifolds. They are homogeneous for the CR action of a real semisimple Lie 
group. Special examples are the compact standard homogeneous CR manifolds, 
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corresponding to Levi-Tanaka algebras (see e.g. [MNl], [MN2], [MN3]), and the 
symmetric CR manifolds in [LN]. 

In [AMN] we investigated the CR structure of all minimal orbits. Here we extend 
our consideration to all orbits M of G in Several CR and topological invariants 
of M are encoded in its cross-marked diagrams. These are obtained from the Dynkin 
diagrams of the root system 71 of the complex Lie algebra g of G with respect to 
the complexification of a Cartan subalgebra f) of the Lie algebra g of G. At variance 
with the systematic use of cross-marked Satake diagrams in the minimal orbit case, 
here we need more general descriptions, involving general Cartan subalgebras 1^ of 
the Lie algebra of G and different choices of simple systems of roots in TZ. 

The orbits of G in 971 were already considered in [W]. Among the more recent 
contributions to the study of this subject, we cite [Ka] in the context of infinite 
dimensional representation theory, [GM], [HW] and [KZ] for applications to the 
geometry of symmetric spaces. 

In our work we stress the point of view of CR geometry. Beyond its independent 
interest, it also provides a helpful perspective to investigate their topology. The 
open orbits have been extensively studied (see e.g. [FHW]). In particular, they are 
all simply connected (see [W]). Also the topology of the real flag manifolds has been 
thoroughly investigated (see e.g. [CS], [DKV], [Wi]). In our paper we show that 
every parabolic CR manifold M is the total space of a canonical fibration over a 
real flag manifold. The flber may be disconnected and each connected component 
is a simply connected complex manifold, which can be retracted onto an open orbit. 
This essentially reduces the computation of the fundamental group of M to counting 
the connected components of the fiber. 

The paper is organized as follows. 

In §2 we review the notion of CR algebra from [MN4], [AMN], that was also 
recently utilized in [Fe] and [FeK]. We collect here the main results and fix the 
notation that will be employed in the rest of the paper, also correcting a mistake, 
related to the notion of ideal nondegeneracy in [MN4] , that was pointed out to us 
by G.Fels. 

In §3 we quickly rehearse parabolic complex Lie subalgebras and complex flag 
manifolds. 

In §4 we begin the study of the CR algebras that are associated to the real orbits 
M in the complex flag manifolds dJl, also investigating the canonical G-equivariant 
maps of [MN4] in this special situation. 

§5 is the core of our investigation of the CR properties of M. Through the 
introduction of adapted Cartan subalgebras and S- and V-fit Weyl chambers, we 
associate to M special systems of simple roots. Weak (i.e. holomorphic according 
to [BER]) nondegeneracy and fundamentality (i.e. finite type according to [BIG]) 
are proved to be equivalent to properties of these systems of simple roots. These 
can be checked from the pattern of some cross marked diagrams associated to M, 
that generalize those of [AMN], [MN2], [LN]. 

In §6 we turn to the construction of homogeneous CR manifolds that fiber over 
our orbit M and that are useful both for finding the S- and V-fit Weyl chambers 
and for investigating the topological properties of M in the following sections. In 
particular, we construct the weakest CR model of M, that is a step to build a chain 
of fibrations, with simply connected fibers, that in some instances coincides with, 
and in general can be considered as a substitute of, the holomorphic arc components 
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of [W]. 

In §7 we investigate the connectivity of the isotropy subgroup of M. This is 
needed to study the connectivity of the fibers of a fibration of M over a real flag 
manifold M', that we utilize to compute the fundamental group of M. This is a 
somehow delicate point: the simply connected fibers of our construction may be 
not connected (the statement of [W, Theorem 8.15(lb)], that would imply connect- 
edness, is not correct). We use classical results from [BTl], [BT2] to character- 
ize Cartan subgroups and isotropy subgroups of connected semisimple real linear 
groups in terms of characters. 

Finally, in §8 we discuss the fundamental group of M. 

In the last section (§9) of our paper we provide several examples which show 
how effective our results are for the study oi CR and topological properties of the 
orbits. 

2. Homogeneous CR manifolds and CR algebras 

A CR manifold of type (n, fc) is a triple {M,HM,J), consisting of a smooth 
paracompact manifold M of real dimension {2n+k)^ a smooth real vector subbundle 
HM of rank 2n of its real tangent bundle TM, and a smooth complex structure 
J: HM — > HM on the fibers of HM . It is also required that J satisfies the formal 
integrability conditions: [C^{M,T^'^M),C°°{M,T^'^M)] C C°°(M, T^'^M). Here 
T^'^M = {X + iJX I X e HM} is the complex subbundle of the complexification 
CHM of HM corresponding to the eigenvalue -i of J; we have T^'°MnT°'^M = 
and T^^^M®T^^^M = CHM, where T^'^M = T^^^M. When /c = 0, we recover the 
abstract definition of a complex manifold, via the Newlander-Nirenberg theorem. 

If {M,HM,J) and {M\HM',J') are CR manifolds, a smooth f:M M' is 
a CR map if: (i) df{HM) C HM', (ii) df o J = J' o df on HM. Assume that 
(M', HM', J') is a CR manifold and f:M ^ M' a smooth immersion. For x e M, 
we set : 

H,M = [df{x)]-^ {[df{T,M) n iy/(,)M'] n [J'{df{T,M) n iy/(,)M')]) Vx e M 
and 

Uv) = [df{x)]-^ {J'{[df{x)]{v))) Wv e H,M, \/xeM. 

If the dimension H^M is a constant integer, independent of x G M, then the disjoint 
union HM of the H^M^s, and the map J : HM — > HM, equal to Jx on the fiber 
H^M, define a CR manifold (M, HM, J). This is the CR structure on M with the 
maximal CR dimension among those for which f is a, CR map. In this case the 
map f : M — > M' is called a CR immersion. If {M' , HM', J') is of type (n', k') and 
(M, HM, J) of type {n, k), we always have n + k < n' + k' . The immersion is generic 
when the equality n + k — n' + k' holds. When f : M M' is also an embedding, 
we say that / is a CR embedding or a generic CR embedding, respectively. 

A CR map /: (M, HM, J) {M' , HM', J') is a CR submersion if f : M ^ M' 
is a smooth submersion and moreover df{x){H^M) = Hj-(^^^M' for all x G M. If 
(M, HM, J) is of type (n, k) and {M', HM', J') of type (n'. A;'), the existence of a 
CR submersion implies that n> n' and k > k' . 

When f:M^M' is also a smooth fiber bundle, we say that /: (M, HM, J) 
{M', HM', J') is a CR fibration. The fibers are CR manifolds of type {n—n',k — k'). 
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A CR diffeomorphism of (M, HM, J) onto (M', HM' , J') is a diffeomorphism 
f:M^ M' such that both / and are smooth Ci? maps. The set of all CR 
diffeomorphisms of (M, HM, J) onto itself {CR automorphisms) is a group with 
the composition operation. 

We say that (M, HM^ J) is a homogeneous CR manifolds if there is a Lie group 
of CR automorphisms that acts transitively on M. 

Let (M, HM, J) be a Ci? manifold. A vector field X e C°°(C/, TM), defined on 
an open subset U of M, is an infinitesimal CR automorphism if the maps (fxit) 
of the local 1-parameter group of local transformations generated by X are CR. 
This is equivalent to the fact that [X,C°°{U,T^^^M)\ C T^'^M). We say 

that (M, HM, J; o) is a locally homogeneous CR manifolds at a point o G M if, for 
each V e T^M, there is an infinitesimal Ci? automorphism X, defined in an open 
neighborhood U of o in M, with v = X{o). 

Homogeneous CR manifolds are locally CR homogeneous: a homogeneous CR 
manifold (M, HM, J) has a real analytic CR structure and therefore (see e.g. [AF]) 
admits a generic embedding M ^ M into a complex manifold M. Then the Lie 
algebra g of the Lie group G that acts transitively by CR automorphisms on M can 
be identified to a Lie algebra of infinitesimal analytic CR automorphisms defined 
onU = M. Each X* e C°°{M,TM), corresponding to an X e q, is the restriction 
of the real part of a holomorphic vector field Z*, defined on an open complex 
neighborhood U of M in M (i.e. X* = [ReZ*] |m; see e.g. [BER §12.4]). 

The germs of infinitesimal CR automorphisms of (M, HM^ J) at a point o e M, 
with the Lie bracket, form a real Lie algebra (3 = (3{M, HM, J;o). We consider 
its complexification C5 = C5 © z and denote by 13 = 0.{M, HM, J; o) the complex 
Lie subalgebra of consisting of all Z e ^ with Z(o) e T°'^M. The fact that is 
actually a complex Lie subalgebra of is a consequence of the formal integrability 
of the partial complex structure J. 

When {M,HM,J) is locally CR homogeneous at o e M, the pair (0,0) = 
(0(M, HM, J; o), n(M, HM, J; o)) completely determines the germoi the CR man- 
ifold (M, HM, J) at o. Vice versa, if g is a finite dimensional real Lie algebra and 
q a complex Lie subalgebra of its complexification g, the general construction^ of 
a germ (M, o) of homogeneous manifold associated to the Lie algebra Q and to its 
Lie subalgebra 0+ = g n q (cf. e.g. [Po, Ch.VII]) yields a unique, modulo local 
CR diffeomorphisms, germ of locally homogeneous CR manifold (M, HM, J; o) at 
o G M, such that the complexification i of the correspondence i : Q — > C^-^ (M, TM) 

yields a homomorphism of complex Lie algebras: ? : g — > Ci5(M, i^M, J; o) with 

(2.1) z(s) C 6(M,iyM, J;o), z(q) C 0(M, i^M, J; o) 

and for which the induced map on the quotients 

0/(0 n q) ^ 0(M, HM, J; o) / (0(M, HM, J; o) n 0(M, HM, J; o)) 

is an isomorphism. In this case we say that the germ of (M, HM, J) at o is asso- 
ciated to the pair (g, q). 

^If g is a finite dimensional real Lie algebra and fl+ a real Lie subalgebra of g, we can find a 
germ (M, o) of analytic real manifold, unique modulo germs of analytic diffeomorphisms, for which 
there is a real Lie algebras homomorphism i : q — > C'^^{M,TM) with {z{X){o) \ X e 2} = TqM 
and g+ = {X e g\i{X){o) = 0}. 
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These remarks led to the introduction in [MN4] of the abstract notion of a CR 
algebra. A CR algebra (g, q) is the pair consisting of a real Lie algebra q and 
of a complex Lie subalgebra q of its complexification §, such that the quotient 
0/ (0 n q) is a finite dimensional real linear space. Note that we do not require that 
Q is finite dimensional. The intersection = fl q is the isotropy of {q, q). Let 
T-C+ = {Re Z \ Z e q} and denote by Z the conjugate of Z e with respect to the 
real form q. 

A CR algebra (0, q) is : 

totally real if 7Y-|- = g^, 
totally complex if 7i_|_ = g, 

fundamental if H.^ generates g as a real Lie algebra, 

transitive, or effective if g+ does not contain any nonzero ideal of g, 

ideal nondegenerate if all ideals of g contained in 7i+ are contained in g+, 

weakly nondegenerate if there is no complex Lie subalgebra q' of g with : 

q C q' c q + q, 

strictly nondegenerate if g+ = {X e 7i+ | [X^H.^] C "^^+1. 
Clearly : 

strictly nondegenerate =^ weakly nondegenerate =^ ideal nondegenerate . 

Fundament ality of (g, q) is equivalent to the fact that the associated germ of 
homogeneous CR manifold {M, HM, J;o) is of finite type in the sense of [BIG], 
i.e. that the smallest involutive distribution of tangent vectors containing HM also 
contains TqM. 

Strict and weak nondegeneracy hold, or do not hold, for all CR algebras that are 
associated to the same germ (M, HM, J; o) of locally homogeneous CR manifold. 
They correspond indeed to the nondegeneracy of the (vector valued) Levi form and 
of its higher order analog, respectively (see e.g. [MN4, §13]). In particular, weak 
nondegeneracy at a point o G M of a (germ of) CR manifold (M, HM, J) means 
that, for every L G C°°{M,T^''^M) with L(p) 7^ 0, there exist finitely many vector 
fields Zi, Zm e C~(M,T0'1M) such that [L , Zi , ... , Zj(o) ^ T^'^M ® 
T^M. 

When (g, q) defines at o a germ of homogeneous CR manifold, the two notions of 
weak nondegeneracy, the one for CR algebras and the one above for CR manifolds, 
coincide and also coincide with the holomorphic nondegeneracy of [BER] . 

We have the following (see [AMN, Proposition 4.1]) : 

Proposition 2.1. Let (M, HM, J) and {M', HM', J') be CR manifolds. Assume 
that M' is locally embeddable and that there exists a CR hbration (M, HM, J) 
{M', HM', J'), with totally complex fibers of positive dimension. Then M is weakly 
degenerate. □ 

Differently, both ideal degenerate and ideal nondegenerate CR algebras may cor- 
respond to the same (weakly degenerate) germ of locally homogeneous CR manifold. 

From [MN4, Theorem 9.1] we know that if (g, q) is fundamental, effective, and 
ideal nondegenerate, then g is finite dimensional. 
From this result we deduce the following : 



6 



A.ALTOMANI C.MEDORI M.NACINOVICH 



Theorem 2.2. Let (g, q) be a fundamental effective CR algebra. Then there exist 
a germ of homogeneous complex manifold (M, o) at a point o, and a germ of ho- 
mogeneous generic CR submanifold (M, HM, J; o) of (M, o) at o, with associated 
CR algebra (g, q). 

Proof. First we note that the statement holds true when q is finite dimensional: 
by [Po, Ch.VII] there is a germ of homogeneous complex manifold (M, o) at o 
corresponding to the complex Lie algebra g and to its complex Lie subalgebra q; 
the inclusion yields the embedding into (M, o) of a germ of homogeneous 
CR manifold (M, HM, J; o) at o, corresponding to the pair (g, q). 

Consider now the general case. We keep the notation introduced above. By 
[MN4, Lemma 7.2] there is a largest ideal a of g contained in H+. By [MN4, 
Theorem 9.1], g/o is finite dimensional and by the first part of the proof there is 
a germ of complex homogeneous manifold {N,o) at o, and a germ of generic CR 
submanifold {N, HN, Jjv; o) of N at o, associated to the pair (g/a, q/(q fl a)) (here 
a = C®]Ra is the complexification of a in g). If 2d is the real dimension of o/ (ang_|_), 
we can take M ^ N x and, likewise, M ^ N xC^, with HM = HN x T{C'^) 
and J = Jn X Jc^- Then (M, HM, J; (o, 0)) is associated to (g, q). □ 

Note that the ideal nondegeneracy of (g, q) implies that all ideals j; of the complex 
Lie algebra g that are contained in q are contained in q n q. Indeed, if y is a 
(complex) ideal of g contained in q, then a = (y + y) n g is an ideal of g contained 
in = (q + q) n g, and a C g+ = q n g implies that y + y C q n q. 

Let (g, q) be a CR algebra with a finite dimensional g. We denote by G the 
connected and simply connected complex Lie group with Lie algebra g and by Q 
its analytic Lie subgroup, generated by q. Let G be the analytic subgroup of G 
with Lie algebra g and set G+ = G_|_(g, q) := Q fl G. This is a Lie subgroup of 
G with Lie subalgebra g_|_. Denote by G a connected and simply connected Lie 
group with Lie algebra g and by G+ = G_|_(g, q) its analytic Lie subgroup with Lie 
subalgebra g+. Since G is simply connected, the conjugation cr of g with respect its 
real form g defines an antiholomorphic involution, still denoted by a, in G. Thus 
G, being the connected component of the identity in the set of fixed points of u, is 
closed in G. We have the implications : 

Q closed in G => G+ closed in G , G+ closed in G =^ G4. closed in G . 

When G_|_ is closed in G, we can imiquely define a G-homogeneous CR man- 
ifold M(g, q) = {M,HM,J), where the underlying smooth manifold M is the 
G-homogeneous space G/G+, and (g, q) is associated to the germ (M, HM, J; o) 
at the base point o = e G-|.. 

Likewise, for a closed G^. C G, we define the G-homogeneous CR manifold 
M(g, q) = {M,HM,J) with M = G/G+ and (g, q) associated to {M,HM,J;o) 
for o = e G+. 

If Q is closed, M — M(g, q) := G/Q is a G-homogeneous complex manifold and 
M(g, q) can be identified, its partial complex structure being that of a generic CR 
submanifold of M, to the orbit of G through the base point o = e Q of M . 

Our canonical choice of M(g, q) aims to obtain a homogeneous CR manifold 
with a good embedding in a homogeneous complex manifold M = M(g, q). 

A morphism of CR algebras (g, q) (g', q') is a homomorphism of real Lie 
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algebras f : Q — > q' , with <^(q) C q'. (We shall consistently use "hat" to indicate 
complexification: e.g. ip : Q — ^ s' is the complexification of </? : — ^ q')- It is called : 

• a CR immersion if the quotient map [(p] : q/q+ — > q' / Q+ is injective and 

• a CR submersion if both [(p] : — > 0Vs+ [(p\ : c\/q+ <lVs+ 

onto; 

• a local CR isomorphism ii both [(p] : g/g+ — > flVflV i'P] • ^ <lV5+ 
are isomorphisms; 

• a CR isomorphism if (p is an isomorphism of CR algebras with (p{q) = q'. 
We quote from [MN4] : 

Proposition 2.3. Let (g, q) (g', q') be a morphism of CR algebras, with q and 
q' Unite dimensional. Let (M, ifM, J) and (M', HM\ J') he the germs of homoge- 
neous CR manifolds at o E M, o' e M' , associated to (g, q), (5', q'), respectively. 
Then there is a unique germ of smooth CR map $ : (M, HM, J) {M', HM', J') 
with $(0) = o' such that d^o{i{X)) = t'{(p{X)). Here i, i' are the homomorphisms 
of Lie algebras i : g ^ 0(M, HM, J) and t' : Q :^ (5{M', HM', J') of (2.1). 

The germ $ of smooth CR map is aCR immersion, submersion, diffeomorphism 
if and only if the corresponding morphism (p of CR algebras is a CR immersion, a 
CR submersion, a local CR isomorphism, respectively. 

Let G and G' be the connected and simply connected real Lie groups with Lie 
algebras g and g', respectively. If the analytic subgroup G_(_ of G with Lie algebra 

= q n and the analytic subgroup G'_^_ of G' with Lie algebra g'_^_ — q' D g' are 
both closed, then there is a unique smooth CR map ^ : M{g, q) — > M{g', q') that 
makes the following diagram commutes : 

g G > M{g,q) 

g' G' > M(0',q') 

The map $ is a CR immersion, a CR submersion or a local CR diffeomorphism if 
and only if the corresponding CR morphism ofCR algebras (p is a CR immersion, 
a CR submersion or a local CR isomorphism, respectively. 

Let G and G' be the connected and simply connected complex Lie groups with 
Lie algebras g and g' , respectively. Let G, Q C G and G', Q' C G' be the analytic 
subgroups with Lie algebras g, q and g' , q' , respectively. If G+ = Q fl G and G' = 
Q' n G' are closed, then there is a unique smooth CR map $ : M{g, q) — > M{g', q') 
such that the diagram : 

M(0,q) M{g',q') 



M{g,q) M{g',q') 

where the vertical arrows are the natural projections from the universal coverings, 
commutes. 

The map $ is a CR immersion, a CR submersion or a local CR diffeomorphism 
if and only if the corresponding morphism of CR algebras (p is a CR immersion, a 
CR submersion or a local CR isomorphism, respectively. 
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If Q C G and Q' C G' are closed, the map M{g, q) — > M{q', q') is the restriction 
of the holomorphic map ^ : M = G/Q —>■ M' = G' / Q' dehned by the commutative 
diagram : 

Q G > M 



exp 



^ G' 



M' 



0' 

where the central vertical arrow is the homomorphism of complex connected simply- 



connected Lie algebras defined by the homomorphism 
algebras. □ 



— > of their Lie 



To discuss, later on, the structure of the fibers of some CR fibrations, we briefly 
introduce the notion of semidirect sum of CR algebras. 

Let (gi, qi), (02, q2) be CR algebras, and assume that Q2 has a structure of 0i- 
module and that q2 is a qi-module for the restriction of the complcxification of the 
action of gi on Q2- Then q = qi xi q2 (semidirect sum) is a complex Lie subalgebra 
of the complcxification of the semidirect sum q — Qi xi 02, and the CR algebra 
(S: 1) — (Si X 02, qi X q2) is called the semidirect sum of the CR algebras (01, qi) 
and (02, q2) : 

(2.2) (0, q) = (01 XI 02, qi xi q2) = (0i, qi) xi (02, q2) (semidirect sum) . 

We shall assume that 0i and 02 are finite dimensional. Denote by : 

G, Gi, G2 the connected and simply connected complex Lie groups with Lie 
algebras 0, 0i, 02, respectively; 

G, Gi, G2 the analytic real subgroups of the corresponding complex connected 
Lie groups G, Gi, G2, with Lie algebras 0, 0i, 02, respectively; 

Q C G, Qi C Gi, Q2 C G2 the Lie subgroups corresponding to the Lie subal- 
gebras q C 0, qi C 0i, q2 C 02, respectively; 

G, Gi, G2 connected and simply connected real Lie groups with Lie algebras 0, 
01, 02, respectively; 

G+ = Q n G, Gi + = Q n Gi, G2 + = Q n G2; 

G _|_ C G, Gi _|_ C Gi, G2 -I- C G2 the analytic subgroups corresponding to the 
Lie subalgebras 0+ = q n 0, 0i_^ = qi n 0i, 02+ = q2 n 02, respectively. 

Let (M, HM, J; o), (Mi, HMi, Ji; Oi),(M2, HM2, J2; 02) be the germs of locally 
homogeneous CR manifolds associated to the CR algebras (0, q), (01, qi), (02, q2), 
respectively. 

We obtain : 

Theorem 2.4. The diffeomorphism Gi x G2 9 (91,92) — ^ 9192 G Gi >3 G2 defines 
a germ of CR diffeomorphism : 

(Ml, HMi, Ji; oi) x (M2, HM2, J2; 02) ^ (M, HM, J; o) . 

If Gi + and G2 + are closed, then G+ is closed and we obtain a global CR diffeo- 
morphism : 

M(0i, qi) x M(02, q2) ^ M(0, q) . 
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If Gi _|_ and G2 + are closed, then G+ is closed and we obtain a global CR diffeo- 
morphism : 

(*) M(0i,qi) xM(02,q2) ^M(0,q). 

When Qi and Q2 are closed, also Q is closed and the map (*) is the restriction of 
a biholomorphic map 

(Gi/Qi) X (G2/Q2) ^G/Q. □ 



Let be a real Lie algebra and q, q' complex subalgebras of its complexification 
0, with q C q'. Then the identity map in g and the inclusion q ^ q' define a 
0-equi variant CR submersion of CR algebras 

(2.3) (0,q)^(0,qO- 



If (M, HM, J; o) and (M', HM' , J'; o') are germs of locally homogeneous CR 
manifolds with associated CR algebras (0, q) and (g, q')? respectively, then the 
identity map — > defines, by passing to the quotients, the differential of a CR 
map 7r(o) : (M, HM, J; o) — > (M', HM' , J'; o') that is locally G-equivariant for a 
(connected) real Lie group with Lie algebra 0. 

Let G be a connected Lie group with Lie algebra and assume that there are 
two G-homogeneous CR manifolds (M, HM, J), (M', HM', J') that are associated 
to (0, q) at some o e M and to (0, q') at some o' e M' , respectively. Then there is 
a unique G-equivariant CR map tt : (M, HM, J) (M', HM', J') with 7r(o) = o'. 

In general 7r(o) (and tt, when defined) are smooth, but not CR, G-equivariant 
fibrations: a necessary and sufficient condition for (2.3) to be a g-cquivariant CR 
ffbration, and hence for 7r(o) (and tt, when defined) to be G-equivariant local (resp. 
global) fibrations is that (see [MN4, Lemma 5.1]) 

(2.4) q' = q + g'^. 

We caU (0,q') the basis of the fibration (2.3). The fiber of (2.3) is the CR al- 
gebra (0'_,_, q") where q" = g'_^_ fl q. It is a CR algebra associated to the germ 

{F,HF, J \hf ;o), where (-F; o) = ^7r^~^(o'); oj, and the germ of partial complex 

structure {HF, J \hf ; o) that is characterized by requiring that the smooth em- 
bedding (7r~-^(o'); o) ^ (M;o) is a CR immersion. 

We know that (2.3) is always a CR fibration, with a totally complex fiber, when 
q C q' C q -I- q : indeed in this case q' = q + 0+- 

From [MN4, §5,] we have : 

Proposition 2.5. Let (0, q) be a CR algebra. Then there exist: 

a largest ideal i of q with i C 0+ 
a largest ideal a of q with a C 7i+ 

a largest complex Lie subalgebra q' of with q C q' C q -|- q 
a smallest complex Lie subalgebra q" of with q -|- q C q" . 

We have i C a C q' C q" and q" = q " = " for a real Lie subalgebra q" of 0. 
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The identity in g defines g-equivariant CR Gbrations (g, q) — ^ (g, q') — > (g, q "), 
where (g, q') is weakly nondegenerate and (g, q ") is totally real. For all complex Lie 
subalgebras j of g with q C f C q', the CR algebra (g, f) is weakly degenerate. For 
all complex Lie subalgebras f with q C f C q', the g-equivariant map (g, q) — > (g, f) 
is a CR fibration with a totally complex fiber. 

The CR algebra (g", q) is fundamental and, for all real Lie subalgebras I of g 
with g" C I c g the CR algebra ([, q) is not fundamental. □ 

3. Parabolic subalgebras and complex flag manifolds 

In this section we collect the notions on complex parabolic subalgebras and fix 
that notation that will be utilized throughout the paper. This is mostly a review 
of classical results, for which general references are [Bl, Ch.IV,§2.6, Ch.VI,§l], [B2, 
Ch.VIII,§3], [Kn, Ch.VII] [Wa, Ch.l], [W]. 

Let g be a complex Lie algebra. A maximal solvable complex Lie subalgebra b 
of g is called a Borel, or minimal parabolic complex Lie subalgebra of g. A complex 
Lie subalgebra q of g is parabolic if it contains a complex Borel subalgebra b of g. 

For our purposes, it will be sufficient to consider the case of a semisimple g. 
Thus from now on we shall assume that g is a semisimple complex Lie algebra. 

A parabolic subalgebra q of g contains a complex Cartan subalgebra i) of g. Let 
TZ = Tl{g, i)) be the root system of g with respect to i). We denote by f)K the real 
form of i) on which all roots are real valued. Thus 7?. is a subset of the real dual 
space The Killing form Kg of g restricts to a real positive scalar product in f)]^. 
We shall write {A\B) = Kg{A,B) for A,B e We set also (^jry) = (T^|T^) for 
^, ?7 G [)^ and (Tg|A) = C{A), (T^|A) = r]{A) for aU A e i)R (dual scalar product 
in f)^). Roots a,P & TZ for which a ± P ^ TZ are called strongly orthogonal. Note 
that strongly orthogonal roots are also orthogonal for the scalar product in 1^^ . 

An element H e i) is regular ii a{H) ^ for all a Denote by €.{TV) the set of 
the Weyl chambers of TZ. They are the connected components of the set of regular 
elements of 1]r. For C e <L{JZ), and H eC, the set 7^+ (C) = {a G 7^ | a{H) > 0} is 
independent of the choice oi H e C : it is called the set of positive roots with respect 
to C. The set 7^-(C) = TZ+{C°pp), for C°pp = {-H \H eC}, is the complement 
of 7Z'^{C) in 7Z and is called the set of negative roots with respect to C. A Weyl 
chamber C also defines a partial order relation "^c" in ^r, by: 

?7 if v{A) < ^{A) for aU AeC. 

Thus n+{C) = {a eTZ\a 0}. 

With g"" ^ {X e g\[H,X]^ a{H) X'iH e ^}, we set 

(3.1) Q={aen\g^ dq}. 

This is the parabolic set associated to q and ^. Parabolic sets of roots are abstractly 
defined by the two conditions : 

(i) a,f3eQ,a + f3e7Z =^ a + (3 e Q (closedness) 

(n) Q U = TZ where Q°pp = {-a | a e Q} . 

Condition (ii) is equivalent to the fact that Q D TZ'^{C) for some Weyl chamber 
C e e(7^). We have 



(3.2) 



q^qg^^e^g 
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and the correspondence Q < — > C|Q is one-to-one between parabolic subsets of TZ 
and parabolic subalgebras of § containing f). 
Given a parabolic set Q C TZ we set : 

(3.3) Q'' = {aeQ\ -aeQ} and = Q \ = {a e Q | - a ^ Q} . 
Then 

(3.4) q- = J] 5« 

is the nilradical of q, i.e. the set of the elements Z of its radical r(q) for which 
adg(Z) is nilpotent, and 

(3.5) q- = $ © J] 3« 

a reductive complement of q"' in q. The complex parabolic Lie subalgebra q of g 
is its own normalizer and the normalizer of its nilradical q" : 

(3.6) q = {Ze5|[Z,q]cq} = {Z e g | [Z, q-] c • 
If ^ e f)R, then the set 

(3.7) QA = {aen\a{A)>Q} 

is parabolic, with = {« e 7^ | a(A) = 0} and = {a e n\a{A) > 0}. 
Vice versa, if Q is parabolic, set 5 = ^{ct | a e Q"^}, and define Ts G f)]R by 
{Ts\A) = d{A) for all A e i)R. Then Q = Q^^ = {a e 7^| (a|5) > 0}. The set of 
A E i)K. for which Q — Qa is in fact a relatively open convex cone in 1)^. 
When Q = Qa for some ^ e f)R, we shall also write q^ for qg^. 

The sets associated to parabolic Q's are called horocyclic (see [Wa, §1.1]). 
The correspondence < — q" = X^aGS" one-to-one between horocyclic sets 
of roots in TZ and nilradicals of complex parabolic Lie subalgebras containing i). 

Given a parabolic subset Q C 7^, we use the notation for its opposite horo- 
cyclic set [Q"^]°PP = ']Z \ Q: the corresponding nilpotent ideal = ^^.^Q-n fl" 
is a complement of q in g. 

To a parabolic Q cTZwe associate the set of Weyl chambers : 

(3.8) €{n, Q) = {ce €{n) I n+{C) c q} = {c e €{n) I n+{C) d q"} . 

We denote by B{C) the simple roots of 7^+(C), for C e €{n). Every a e 7^ can be 
written in a unique way as a linear combination, with integral coefficients (either 
all > or all < 0), of the simple roots in B{C): 

(3.9) «= E ^^o.iC)(3. 
We set 



(3.10) suppc(«) = {Pe B{C) I ki{C) ^ 0} . 
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If Q is parabolic, C e €{n, Q), and $c(Q) = B{C) n Q", then 

(3.11) = {a e n+{C) I suppc(a) n $c(Q) 7^ 0} • 
The correspondence 

(3.12) B{C)D^c^q = h ® J] 0'' ® J] 0" 

ae7^+(C) ae7^-(c) 

supp^(a)n^>c=0 

is one-to-one between subsets $0 of -^(C*) and complex parabolic Lie subalgebra 
of Q that contain t) and have an associated parabolic set Q with C e C(7^, Q) . 

Having fixed a Weyl chamber C e €{TZ) and $c C B{C), we shall denote by 
the complex parabolic Lie subalgebra of g defined by the right hand side of (3.12) 
and by Q^^ corresponding parabolic set. 

We denote by W(7?.) the Weyl group of TZ, (i.e. the group of isometrics of f)j^ 
generated by the symmetries $, — > Sq(0 ~ ^ ~ 2[(^|q;)/||q;|P] q; for q; e TZ) and by 
A (7^) the group of all isometrics of f^j^ (with respect to the scalar product defined 
above) that transform TZ into itself. For C G (t{7l) we denote by AciJZ) the 
subgroup of «; e A(7^) for which w{n+{C)) = 7^+(C). Then A(7^) = Ac(7^) x 
W(7^). 

We define W(7?., Q) and A(7^, Q) as the subgroups of W{TV) and A(7?.), respec- 
tively, that transform Q into itself. Then we have Chevalley's Lemma (see e.g. [Wa, 
Theorem 1.1.2.8]): 

Lemma 3.1. The group W(7?., Q) is generated by the symmetries Sq, with a e 
Q^. If C e ^{Tl, Q), then the symmetries with a G B{C) \ $c(Q) generate 
W(7^, Q) and A(7^, Q) is a semidirect product A{-R, Q) = Ac{n, Q) x W(7^, Q), 
with Ac (71, Q) = Ac(7^) n A(7^, Q). □ 

Let G be a connected complex Lie group with Lie algebra g. If Q is any Lie 
subgroup of G with complex Lie subalgebra q that is parabolic in g, then Q is 
closed, connected and coincides with its normalizer in G and is the normalizer of 
its Lie algebra for the adjoint representation : 

(3.13) Q = e G I ^ Q^-i = Q} = e G I Ad^{g){q) = q} 

The homogeneous space 9Jl = G/Q is compact and simply connected. Since the 
center Z(G) of G is contained in all its parabolic subgroups, the choice of different 
connected complex Lie groups G yields the same 3Jt. Hence we can consider the 
complex flag manifold 9JI = M(0, q) as an object associated simply to the pair (g, q). 
We also recall (see [W, 2.7]) that the integral cohomology H*{Tl,Z) is torsion free 
and in odd degrees. 

If ^ is a Cartan subalgebra of g contained in q and Q C 7^(0, f)) the parabolic set 
of roots associated to q, the complex dimension of 9Jl = M(0, q) equals the number 
of roots in Q^. 
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4. Parabolic CR algebras and parabolic CR manifolds 

A CR algebra (g, q) is called parabolic if g is finite dimensional, and q is a parabolic 
subalgebra of its complexification g. 

By the results quoted at the end of §3, all the homogeneous spaces M — M(g, q), 
M = M{g, q), and Tt — M{q, q) of §2 are well defined and M is an orbit, in the 
complex fiag manifold 3Jt of a connected complex semisimple Lie group G, of a 
connected real form G of G. We say that M is a parabolic CR manifold. 

Vice versa, if G is a connected real form of the complex semisimple Lie group G, 
then all G-orbits in the complex flag manifolds 971 = M{q, q) are homogeneous CR 
manifolds of the form M — M(g, q'), for some parabolic complex Lie subalgebra q' 
of g, conjugated to q by an inner automorphism. 

It is worth noticing that, in the definition of the homogeneous CR manifold 
^I) = G/G+, we can define the isotropy G+ = G+(g, q) by 

(4.1) G+ = {geG|Adg(^)(q) = q}. 

Since the center of G is always contained in G+, we obtain an equivalent definition 
of M(g, q) if we substitute to G any connected complex Lie group G' with the 
same Lie algebra g and to G the analytic subgroup G' of G' with Lie algebra g. 
However, it is more convenient to fix a simply connected G, since in this case, by 
[BT2, CoroUaire 4.7], we have : 

(4.2) G = G^ = {geG\a{g) = g}, 

where a : G — > G is the anti-holomorphic involution of G corresponding to the 
conjugation cr of g defined by the real form g. 

We begin by recalling some general facts about parabolic CR algebras, and their 
associated CR manifolds, that were explained in [AMN, §5]. 

Proposition 4.1. A parabolic CR algebra (g, q) is effective if and only if: (i) g is 

semisimple, (ii) no simple ideal of g is contained in q fl q. 

An effective parabolic CR algebra (g, q) with g simple is either totally complex 

or ideal nondcgcnerate. □ 

Proposition 4.2. Let (g, q) be an effective parabolic CR algebra and let g = 
gi © • • • © g^ be the decomposition of g into the direct sum of its simple ideals. 
Then : 

(i) q = qi © • • • © q^ where q^- = q n g^ for j = 1, . . . , £; 

(ii) for each j — 1, . . . ,£, (Qj, qj) is an effective parabolic CR algebra; 
{Hi) (g, q) is ideal (resp. weakly, strictly) nondegenerate if and only if for each 
j — 1, . . . , £, the CR algebra (g^, q^) is ideaJ (resp. weakly, strictly) nonde- 
generate; 

(iv) (g, q) is fundamental if and only if for each j = !,...,£, the CR algebra 

(gj, qj) is fundamental, 
{v) We have (= meaning biholomorphic or CR equivalence) : 

M(g, q) ^ M(gi, qi) x • • • x M(g^, q^) , 
M(g, q) = M(gi, qi) x • • • x M(g^, q^) , 
M(g,q)^M(gi,qi)x..-xM(g^,q^). □ 
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When q is parabolic in g, its conjugate q with respect to the real form g is also 
parabolic in g. Therefore the intersection q fiq contains a Cartan subalgebra f) that 
is invariant under conjugation. The intersection J) = () n g is a Cartan subalgebra 
of 0, contained in = q fl g. 

A Cartan subalgebra f) of g contained in = q fig is said to be adapted to (q, q). 
We also recall [AMN, Proposition 5.4] : 

Proposition 4.3. Let {g, q) be an effective parabolic CR algebra, with, isotropy 
subalgebra g+ = q H g. The elements A of the radical t(g_|_) of g_|_ for which 
adg(A) : g ^ g is nilpotent, form a nilpotent ideal n of g_|_. It admits a reductive 
complement go in g_|_ : 

(4.3) g+ = n e go . 

The reductive subalgebra go is uniquely determined modulo inner automorphisms 
of g+ from the subgroup generated by those of the form exp (adg_^(X)) with X e 
n. □ 

Let 3o be the center and So = [0o,0o] the semisimple ideal of go- Then 

(4.4) 00 = 30 e 5o • 

Thus, a Cartan subalgebra [) C g-|- of g can be taken as the direct sum 

(4.5) I) = 3o e f)o 

of the center 30 of go and a Cartan subalgebra l)o of So- Vice versa, every Cartan 
subalgebra f) of g adapted to (g, q) has the form (4.5) for some reductive subalgebra 
00 of g+. 

It is also convenient to consider a Cartan decomposition (see e.g. [B2]) : 

(4.6) g = fi © p 

of g, corresponding to a Cartan involution 1} . The set fi = {X G g | 'i?(X) = X} of 
fixed points of t? is a maximal compact Lie subalgebra of g and p = {X G g | ^{X) = 
—X} its orthogonal for the Killing form Kg of g. Any i?-invariant Cartan subalgebra 
[) of g decomposes into the direct sum I) = ()+ © of its compact (or toroidal) part 
i)'^ = i)r\t Ci and its noncompact (or vector part) f)~ = f)npcp. 

We say that the Cartan decomposition (4.6) is adapted to the effective parabolic 
CR algebra (g, q) if t contains a maximal compact Lie subalgebra of g_|_. Then : 

Lemma 4.4. If (4.6) is adapted to the parabolic CR algebra (g, q), then every 
Cartan subalgebra J) of g that is adapted to (g, q) is conjugate, modulo an inner 
automorphism of g+, to a 'd-invariant Cartan subalgebra [)o of g that is adapted to 

(0,q)- 

Vice versa, if i) is a Cartan subalgebra of g adapted to (g, q), then there exists a 
Cartan decomposition (4.6), adapted to (g, q), such that f) = ([) n f) © (f) fl p). 

In particular, if {q^ | z G /} is a family of complex parabolic Lie subalgebras of g 
such that Hie/ 1i parabolic in g, then there exist both a Cartan decomposition 
(4.6) and a Cartan subalgebra i) of g, compatible with (4.6), that are adapted to 
all the (g, qj) 's. □ 
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We say that (-i?, f)) is an adapted Cartan pair for (g, q) if: 
ii) is the Cartan involution of a Cartan decomposition (4.6) adapted to (0, q) ; 
{a) f) is a T^-invariant Cartan subalgebra of contained in = g fl q. 

Being cjig^X— >XG0 the conjugation in q associated to the real form 
0, and having fixed (4.6), we also consider the conjugation r : g — > g of with 
respect to its compact real form u — I® ip and use the same symbol '& to denote 
the C-linear extension to g of the Cartan involution d of g. We obtain in this way 
three commuting involutions o", r, 1? of each being the composition product of 
the other two : 



In particular u is invariant under a: a"(u) = u. 

Let (■(?,{)) be a Cartan pair adapted to (g, q). Then [)k decomposes as: f)M = 
f)~ ©i f)"*" and [)]r is a Cartan subalgebra of a split real form g^ of g. The involutions 
cr, T and "d transform [)r into itself. Hence, by transposition, they define involutions 
on f)^, that we still denote by the same symbols u, r and and that transform the 
set of roots TZ into itself. We set a = a{a) for all a e i)^. We have : 



The reductive complement q^ of in q of (3.5) is q fl r(q), while the reductive 
complement go of n in g+ of (4.3) can be taken equal to g+ fl 

A real Lie subalgebra t of g is triangular if all linear maps adQ{X) e gtR(g) 
with X & t can be simultaneously represented by triangular matrices in a suitable 
basis of g. All maximal triangular subalgebras of g are conjugate by an inner 
automorphism (cf. [Mo, §5.4]). A real Lie subalgebra of g containing a maximal 
triangular subalgebra of g is called a t- subalgebra. 

An effective parabolic CR algebra (g, q) will be called minimal if g_|_ = q fl g is 
a t-subalgebra of g. 

We observe that a maximal triangular subalgebra of g contains a maximal 
Abelian subalgebra of semisimple elements of g having real eigenvalues. We have 

(see [AMN, §5]): 

Proposition 4.5. An effective parabolic minimal CR algebra (g, q) admits an 
adapted Cartan pair {'&, ()) in wliich i) is a maximally noncompact Cartan subalgebra 
of g. 

Let Q be a semisimple real Lie algebra and q a parabolic subalgebra of its com- 
plexification g. Then, up to CR isomorphisms, there is a unique parabolic minimal 
CR algebra (g', q') with g' isomorphic to g and q' isomorphic to q. 

A totally real effective parabolic CR algebra is minimal. □ 

By [AMN, Theorem 8.6 and Corollary 9.2] we have : 

Theorem 4.6. Let (g, q) be a parabolic minimal fundamental CR algebra. Then 
M(g, q) ^ M(g, q) is compact and simply connected. □ 



(4.7) 



(4.8) 



t(q;) = —a , 



Next we consider the CR fibrations of Proposition 2.5 in the special case of a 
parabolic CR algebra. 
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Theorem 4.7. Every effective parabolic CR algebra (g, q) admits a unique g- 
equivariant CR fibration (g, q) — ^ (g,g')j wiiere g' D q is the complexification of a 
real parabolic subalgebra g' of g, and tie fiber is fundamental. The basis (g, g') is 
a totally real parabolic CR algebra and also the Gber (g', q) is parabolic. 

This yields a G-equivariant CR fibration tt : M(g, q) — ^ M(g, g') witii compact 
basis. Each connected component of the fiber is CR diffeomorphic to M(g', q). 

Proof. Let (g, q) be an effective parabolic CR algebra. The complex subalgebra q" 
generated by q + q is parabolic in g because contains q, and is the complexification 
of a real parabolic subalgebra g' of g because c{" — q". Then (2.3) yields a g- 
equivariant CR fibration with a totally real basis. The fiber is (g', q). This is 
parabolic because q, being parabolic in g, is also parabolic in g' C g. 
The final statement follows from the commutative diagram : 

M(g,q) > M(g,q) 



M(g,g') > M(g,g') 

that yields an embedding of each fiber of tt : M(g, q) — > M (g, g') into a fiber of 
TT : M(g, q) M(g, g'). The basis M(g,g') is compact because (g,g') is totally 
real and hence minimal. □ 

Example 4.1. The fiber is not necessarily connected. An example of a G-equivari- 
ant fibration M(g, q) A- M(g, q') of parabolic CR manifolds with a disconnected 
fiber is the following. 

Let g = sl(3, M) C g = sl{3, C), and 

21,1 Zi,2 21,3 
22.2 22,3 

2:3,3 

2l,l Zl,2 ^^1,3 



esl(3,C)} 
emc)} 



Let ei, 62, 63 be the canonical basis of C^. We have G = SL(3, M) C G = SL(3, C). 
The isotropy subgroup — {g e SL(3,]R) | Adg(5f)(q) = q} of the point o = 
eQ e M(g, q) is the stabilizer in SL(3,1R) of the complete flag (ei) C (61,62). 
It has 4 connected components. Likewise, the isotropy subgroup G' = {g E 
SL(3,M) |ad0(^)(q') = q'}, at o' = e Q' G M(g, q'), is the stabilizer in SL(3,M) 
of the line (61), and has 2 connected components. The fiber G'/G-|- is isomorphic 
to the stabilizer of (ei) in SL]K(Mei + Me2) and has 2 connected components. 

Theorem 4.8. Let (g, q) be an effective parabolic CR algebra. Then there is 
a unique g-equivariant CR fibration (g, q) — > (g, q') with a weakly nondegenerate 
basis (g, q') and a totally complex fiber. The basis (g, q') is a parabolic CR algebra. 

Proof. We recall from [MN4, §5], that q' is the unique maximal subalgebra of g 
that contains q and is contained in q + q. Clearly q' is parabolic because it contains 
the parabolic subalgebra q. □ 

Next we investigate the general structure of the fiber of a G-equivariant sub- 
mersion M(g, q) — > M(g, q') for a pair of complex parabolic subalgebras q C q' of 

0- 



ORBITS OF REAL FORMS IN COMPLEX FLAG MANIFOLDS 



17 



Theorem 4.9. Let q C q' be complex parabolic Lie suhalgehras of g. With q' = 
g n q', the CR algebra (g', q' Pi q) is the fiber of the g-equivariant fibration (g, q) — > 
(S, q') (see %2). 

The nilradical n' of g', consisting of the adQ-nilpotent elements of the radical 
t{g') of g' , has a reductive complement in g' such that: 

(i) The CR algebra (flo, flg l) parabolic. 

(a) The fiber {g' , g' fl q) is the semidirect sum of the parabolic CR algebra 
(005 00 ^ l) of the nilpotent CR algebra (n', n' fl q). 

(iii) The nilpotent CR algebra (n',n' fl q) is totally complex. 

(iv) The connected components of the fibers of the G-equivariant fibration tt : 
M{di l) ~^ M{g, q') are CR diffeomorphic to the Cartesian product of a 
parabolic CR manifold M(gQ, q n gg) and of a Euclidean complex manifold 

Proof. Fix a Cartan pair [)), that is adapted for both {g, q) and (g, q'). With the 
notation introduced above, set q^ = qnr(q) and q' ^ = q'nr(q'). Since q C q' and q 
is parabohc, we have the inclusions : q^ C q' ^ and q"^ D q' . The complexification 
of the fiber g' is : 

g' = q'nq' = g[) xn', 

where : 

r 0^)-q"^^q'^ 

\ n' = (q"^ n q' ^) © (q' ^ n q' ^) © (q' " n q' = (q' n q"^) + (q' " n q') . 

Thus g' = gQ X n', where n' = n' n g is a real form of the nilradical n' of q' fl q' and 
00 00 ^ ^ reductive complement of n' in g'. 
We have : 

0' n q = (g() X n') n q = (g^ n q) x (n' n q) , 

so that : 

(0',0'nq) = (0o,0onq) X (n',n'nq). 

The complex Lie subalgebra gQ fl q is parabolic in gg, because gQ is reductive, q is 
parabolic in g, and §0 H q contains a Cartan subalgebra of go and of g. 

Note that n' n q is contained in, but in general not equal to, the nilradical n of 
q n q. We have : 

n' n q D q' Ti q ' , 

so that : 

n' n q + n'nq D q' n q ' + q' n q' = n' 
shows that actually : 

n' n q + n' n q = n' 

and the nilpotent CR algebra (n',n' fl q) is totally complex. 

The G-equivariant fibration n : M(g, q) — > M(g, q') is the restriction of the G 
equivariant fibration n : M(g, q) — ^ M(g, q'). The typical fiber of tt is Q'/Q- 
Since q is a parabolic complex Lie subalgebra of q', the fiber 5^ is a complex fiag 
manifold and, in particular, is compact, connected and simply connected. Thus 
the typical fiber F of tt : M(g, q) — > M(g, q') is a submanifold of a complex fiag 
manifold. 
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Denote still by r : G — > G the involution of G associated to the conjugation 
T : — > g with respect to the compact real form u = t (B ip- Since q'^ C q^, 
the fiber ^ can be viewed also as a flag manifold of the reductive complex closed 
connected Lie subgroup Q"" = Q' fl t(Q') of G. The fiber F is contained in the 
orbit ^0 C ^ of the closed complex Lie subgroup G' := Q'ncr(Q') of Q'. The group 
G' is connected because it contains a Cartan subgroup of G, and decomposes into 
the semidirect product 

(4.9) G' = G'oXN', 

where Gq and N' are the analytic complex Lie subgroups of G generated by the 
Lie subalgebras Qq and n', respectively. We have Gq = Q' ^ fl a"(Q'^), so that 
Gq is closed in G. Moreover, since adg(Z') is nilpotent for all Z G fi, by Engel's 
theorem and the semisimplicity of g, we obtain that exp : n' — > N' is an analytic 
diffeomorphism, and N' is Euclidean. 

The validity of (iv) is then a consequence of the next Proposition. □ 

Proposition 4.10. Let N' be a connected nilpotent complex Lie group with com- 
plex Lie algebra n' and n' a real form of n'. Let N' be the real analytic Lie subgroup 
of N' with Lie algebra n', and Qo a closed connected complex Lie subgroup ofN', 
with Lie algebra qo C n', and set N = Qo fl N'. Assume that the CR algebra 
(n', qo) is totally complex. With E = N'/N and E = N'/Qo, the natural map 
E — > E obtained from the inclusion N' N' is a diffeomorphism. 

Proof. The condition that (n',qo) is totally complex is equivalent to the equality 
+ qo = ft'- Since n' is nilpotent, this equality implies (see the proof below) that 
the map N' x Qo 9 (n, q-) — > n • e N' is onto, and hence the inclusion N' ^ N' 
yields, by passing to the quotients, a smooth one-to-one map /:£'—>£'. We 
note that E = N'/N is a complex manifold with the homogeneous CR structure 
defined by the CR algebra (n',qo). With this complex structure on E, and with 
the complex structure that E inherits from N', the map / is holomorphic. Being 
one-to-one, / is a biholomorphism. 

We give here a simple argument to prove that N' = N'Qo. 
Consider the lower central series 

n = CW(n') D CW(ft') = [ft',n'] D ••• D C('^)(n') = [C('^-i)(ft'), ft'] D--- 

. . . D C("^)(ft') = [C("^-i)(n'), n'] = {0} . 

Since n' is nilpotent and N' is connected, the exponential map exp : fi' ^ N' 
is surjective. Let Z e n'. We want to prove that there is ^ e N' such that 
■ exp(Z) e Qo- To this aim, let X e n' and W G qo be such that Z = X + W. 
Let Zi G ft' be such that exp(Z'i) = exp{—X)exp{Z)exp{—W). We claim that, if 
Z G C'^(n'), then Zi G C'+^xx'). 

While proving this claim, we can assume that N' is also simply connected, so 
that all Lie subgroups N'^ = exp (C*^'^^(n')) are closed and simply connected. For 
each integer h >0 we have a commutative diagram : 



Ph 
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where [exp] denotes the exponential map on the quotient. IfZ eC^ih'), then 7ih{Z) 
belongs to the center of the quotient Lie algebra nYC'^"'"^(fi'). Hence we obtain: 

[exp] {7Th{Zi))= [exp](-7r;,(X)) ■ [exp](7r;,(Z)) ■ [exp](7r;,(X - Z)) 
= [exp](-7r,,(X))) ■ [exp] {nh{Z)+7TH{X - Z)) 
= [exp](-7r^(X))) • [exp]{TTh{X))) = 1n'/n;+, • 

Since [exp] is a diffeomorphism, we obtain that Z G C^+^(n'). 

We show by recurrence that for every Z e C('^~*)(n') there is some X e n such 
that exp(— X) ■ exp(Z) e Qq. This is trivially true when m = 0, as Z = in this 
case. If Z e C*^"^~*)(n') for some i > 0, and X e n' is such that X — Z e qo, then 
exp(-X) ■ exp(Z) ■ exp(X - Z) = exp(Zi) for some Zi e C^'^-'+^^n'). By the 
recursive assumption, there is Xi e n' such that exp(— Xi) exp(Z'i) e Qq. Then 
g = exp(Xi) • exp(X) e N' and ■ exp(Z') G Qq. For i = m we obtain our 
contention. □ 

From Theorem 4.9 we obtain : 

Theorem 4.11. Let M = M{q, q) and M' = M{q, q') be parabolic CR manifolds. 
Ifq C q' C q + q, then the G-equi variant Gbration M — > M' is CR and has a totally 
complex simply connected hber. 

Proof. We already noted in §2 that the CR algebra associated to the fiber F of the 
fibration M — > M', and hence F itself, is totally complex when q C q' C q + q. By 
Theorem 4.9 the connected components of the fiber arc the product of a Euclidean 
complex nilmanifold and of a manifold M{qq, BoHq), for a totally complex parabolic 
CR algebra {q'q, 0o fiq). This M{qq, fiq) is an open orbit of a connected real form 
Gq of a connected complex Lie group Gg with Lie algebra 0q, and thus is simply 
connected by [W, Theorem 5.4]. □ 

Corollary 4.12. Let (g, q') be the weakly nondegenerate reduction of the effective 
parabolic CR algebra (g, q). Then 

(4.10) / : M = M(0, q) ^ M' = M{q, q') 

is a G-equivariant CR fibration with complex simply connected fibers. □ 

We give here a simple general criterion that ensures the existence and the con- 
nectedness of the fiber of some G-cquivariant fibration. 

Proposition 4.13. Let (0, q), (0, q') be two effective parabolic CR algebras. As- 
sume that — qHg G q'_^_ — q'flg and that contains a Cartan subalgebra [) tiiat 
is maximally noncompact among the Cartan subalgebras of Q that are contained in 
Then the germ of local G-equivariant submersion (M(0, q), o) — (M(0, q'), o'), 
defined by the projection g/g+ &/&', extends to a G-equivariant fibration 
Tc : M(0, q) — ^ Af (g, q') with connected fibers. 

Proof. Let H = Zg(()) = {h e G\Adg{h){H) = H, Vif G {)} be the Cartan 
subgroup of G corresponding to [). We have Adg(/i)(q) = q and Adg(/i)(q') = q' 
for all /i G H. Hence H C G_(_ fl G^. Since f) is maximally noncompact in 0^ 
and a fortiori in 0+, by [Kn Prop. 7.90], all connected components of G^ and G-|- 
intersect H. The connected component of the identity G^ of G+ is contained in 
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the connected component [G^]° of the identity in G'_^. Since G-|- is generated by 
G5|_ and H, and likewise G^ is generated by [Gy° and H, we obtain at the same 
time that G_|_ C G^ and that the fiber G^ / G_|_ is connected. □ 

Using Proposition 4.13, we can prove: 

Theorem 4.14. Let (g, q) and (g, q') be two effective parabolic CR algebras. If 

qnq = q'nq', 

then the CR manifolds M = M{q, q) and M' = M{q, q') are diffeomorphic, by a 
G-equivariant diffeomorphism. 

Proof. Let f) be a Cartan subalgebra of g, contained in g+ = q fl g = g'^. = q' fl 
and maximaUy noncompact as a Cartan subalgebra of Q+. 

Let A, A' e [)e be such that q = q^, q' = q^/. We can assume that q 7^ q', 
so that A and A' are linearly independent. Then we set At — A + t{A' — A) , for 
< t < 1, so that Aq — A and Ai — A' . Let us take a partition to — < ti < 
■ ■ • < tm-i < tm = I such that the rank of adg(At) is constant for t in the open 
intervals tj-i < t < tj, 1 < j < m, so that q^t = q^^, for tj-i < t,t' < tj. Let 
Mj = M{Q,qA,.), for < j < m, and Nj = M{q, qA^,._^^,.^^,), for 1 < j < m. 
Since: q^(j. ^+t.)/2 l^t 1 ^'^At.i there are G-equivariant maps: 

Mj-i < Nj ) Mj 

for all 1 < j < m. By Proposition 4.13, all these maps, being covering maps with 
connected fibers, are diffeomorphisms. Thus : 

{FmOf-')o{Fm-iof-\)o...o{F,of-^):M^M' 

is a G-equivariant diffeomorphism. □ 

5. Fit Weyl chambers and CR geometry of M{Q,q) 

Let (0, q) be an effective parabolic CR algebra and f)) a Cartan pair adapted 
to (0, q). We keep the notation of the preceding sections, for roots, parabolic sets, 
Cartan decomposition, etc. In particular, we denote hj a : i)^ 3 a ^ a E i)^ the 
adjoint map of the restriction to = [)~ © z f)"*" of the conjugation in § defined by 
the real form q. We say that a root a is real if a = a, imaginary if a = —a, complex 
if a ^ ±a and denote by TZre, T^im and TZcp the sets of real, imaginary and complex 
roots, respectively. When a is imaginary, the eigenspace 0" is contained either in 
t = C <S)R 6, or in p = C (8)]r p. In the first case we say that a is compact, in the 
second that a is noncompact. Thus T^im is the disjoint union of the set TZ, of the 
compact and of the set 71^ of the noncompact imaginary roots : T^-im = TZ, U TZ^ . 

5.1. S-fit and V-fit Weyl chambers. 

The conjugation a defines an involution in [)^ that belongs to A (7^). Vice versa, 
every involution a in A(7^) can be obtained from a conjugation with respect to a real 
form of 0. Note that, in general, a does not uniquely determine the isomorphism 
class of 0. Let us describe the structure of an arbitrary involution a in A{Tl) : 
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Theorem 5.1. Let a be an involution in A{TZ). Then there exist: a set of pairwise 
strongly orthogonal roots cti , . . . , am in TZ, with (j{oij) = —aj for j — 1, . . . , m, 
a Weyl chamber C e ^(7^), and an involution j e AciTi), with j{ai) — ai, and 
hence commuting with Sai, for alii = 1, . . . ,m, such that : 

(5.1) cr ^ JOSa^O-'-OSa^; 



(5.2) aen+{C) 



either a (a) = —a 
or a (a) e n+{C) 



Proof. Let F~{a) = {a G t)^ | a{a) = —a}. Take a maximal subset ai, . . . , am of 
pairwise orthogonal roots in F~ (o") n TZ and consider j — ao o • • ■ o ■ We have 
j{ai) — a{—ai) = ai for alH = 1, . . . , m. We claim that j{a) ^ —a for all a & TZ. 
Indeed, if there was a & TZ with j{a) = —a, from (ajoii) = {j{a)\j{ai)) = —{a\ai) 
we obtain that (ajai) = for all i = 1, . . . , m. Hence Sq,j(q;) = a for all a and 
therefore a (a) = j{a) = —a, contradicting the fact that ai, . . . , am was a maximal 
system of pairwise orthogonal roots in 7^ fl F~{a). 

To obtain that ai, . . . , am are strongly orthogonal it suffices to choose the se- 
quence ai, . . . , am with a maximal sum Yl^i ll'^dP- Indeed, if aj and ah are or- 
thogonal, but not strongly orthogonal, then both aj+ah and aj—ah are roots. Set- 
ting a'j^ = ai for i ^ j, h, and a'j = aj + ah , a'^ = aj — an, we obtain a new sequence 
a'l, . . . , a'^ of pairwise orthogonal roots in F~{(j) {~\TZ. It is contained in a maximal 
one and the inequality YlT=i = (^T=i ll'^iP) + ll'^i P + ll'^ftP > SHi ll'^ilP) 

contradicts the maximality of 11*^* IP- 

We claim that there exists a Weyl chamber C such that : 

(*) 3{n-^{C)) = n+{C). 

Indeed (*) is equivalent to j{B{C)) C 7Z'^{C). For a Weyl chamber C, denote by 
nc the number of the elements in 7?.+ (C) nj(7^+(C)). Fix C with nc maximum. If 
C does not satisfy (*), take a e B(C) with j{a) ^ TZ'^{C) and consider the chamber 
C = s«(C). From 7e+(C") = (7^+(C) \ {a}) U {-a} and j(-ct) G 7e+(C) \ {a} C 
7^"'"(C"), we obtain nc-/ = nc + 1, contradicting our choice of C. Hence C satisfies 
(*) and therefore also (5.2). This completes the proof. □ 

Using Theorem 5.1, we obtain the formula: 

m 

(5.3) (7(/3) =j(/3)- 5^ (/?!«;) with a) = 2a^/\\a^\\\ V/3 e J)J 

i=i 



Likewise, we have the following : 

Theorem 5.2. Let a be an involution in A{TZ). Then there exists a set of pairwise 
strongly orthogonal roots Si,...,Sm £ TZ, with (j{5j) = Sj for j = l,...,m, a 
Weyl chamber C G €.{TZ) and an involution w, that commutes with s^., satisfies 
^{Sj) — —6j for all j = 1, . . . ,m, and transforms C into C°pp, such that : 

(5.4) a = w o ss^ o ■ ■ ■ o ss^ , 
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(5.5) a e 7^+(C) =^ I 



cither a {a) = a 
ora{a) e 7^-(C) . 



Proof. We take a' — sq o a, where sq is the symmetry with respect to the origin 
of [)^. By the preceding Theorem, a' = j o sg^^ o • ■ • o ss^, where j G Ac{TZ) for 
some C e €{TZ), and 5i, . . .,6m is a maximal system of strongly orthogonal roots 
in F~(cr') HTZ = {a & TZ \ a{a) = a}, with j{5j) = 5^. The statement follows by 
taking zo = sq o j. □ 

With w and 5\, ... , 5^ as in Theorem 5.2, we obtain the formula: 

m 

(5.6) ct(/3) = w(/3) + 5] (/3|57) 5,- , with 57=2 5,/||5,f , V/3e[)i. 

A Weyl chamber C G C(7^) that satisfies condition (5.2) (resp. (5.5)) is said to 
be^ S-adapted (resp. V-adapted) to the conjugation a. 

Our description of the minimal orbits in [AMN] in terms of cross-marked Satake 
diagrams used the fact that, for a parabolic minimal (g, q), there are a maximally 
noncompact Cartan subalgebra 1^ of g, adapted to (g, q), and an S-adapted Weyl 
chamber C in €{TZ, Q). For general CR algebras (g, q), there could be no adapted 
Cartan subalgebras f) that are either maximally compact or maximally noncompact 
in Q . This is a major drawback in the classification of the orbits of G in 971 (see e.g. 
the references in [BL]), but, while discussing fundament ality, weak nondcgeneracy 
and some topological properties, it turns out that the choice of f) is not as crucial as 
that of special Weyl chambers C in (i{7l, Q). In general ^{TZ, Q) may not contain 
any Weyl chamber that is either S- or V-adapted to cr. In the following lemmas we 
describe chambers in C(7^, Q) that are as close as possible to being S- or V-adapted. 

Lemma 5.3. Let {i}, [)) be a Cartan pair adapted to (g, q). Then there exists a 
Weyl chamber C G C(7^, Q) that satisfies the equivalent conditions : 

(i) If a y-c and a -<c 0, then both a and —a belong to . 
(ii) a^cO for all a G B{C) \ ($c U TZi^) . 
Assume that C satisGes the equivalent conditions (i) and (ii) . Then : 

(Hi) If moreover i) is maximally noncompact among the Cartan subalgebras of q 
contained in g^ = q n g, then B(C) n 7?.* C 

Proof. Choose C G €{TZ, Q) with a maximal 7^+(C) na{TZ+{C)). Then (ii) is 
satisfied. Indeed, if there was a G B{C) \ ($c U T^im) with a -<c 0, we would take 
C = Soc{C). Then 7^+(C") = (7e+(C) \ {a}) U {-a} C Q, so that C G C(7^, Q), 
and 7^+(C") n a {n+{C')) ^ 71+ (C) D a (11+ (C)), yielding a contradiction. Clearly 
(i) =^ (ii). Vice versa, if a = S/3es(C) ^a/^ ^ 71+ (C) and a -<c 0, then either 
a G T^im, or else there is some (3 G supp(^(Q;) fl 7lc-p with /3 ; by {ii), we have 
/9 G $c and hence a G . The same argument, applied to —a, shows that also 
—a G Q". This completes the proof of the equivalence {i) (ii). 



^If we choose f) maximally noncompact, then in an S-adapted Weyl chamber C the conjugation 
can be described by a Satake diagram; if instead we take f) with a maximal compact part, in a 
V-adapted Weyl chamber the conjugation is described by a Vogan diagram (see e.g. [Ar], [Kn]). 
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Finally, if a G {B{C) flT^*) \ both a and a = —a belong to Q. Let F = 
{(Xq,, Hoi)aeTi} be a Chevalley system, as in [B2]. Then Tq, = Xq, — e p n 
(for this construction cf. [SI], [S2]) is a semisimple element of Q that commutes 
with aU elements of \}- and of j+ = {H a{H) = 0}. Hence j = \}- eRTaej+ 

is a Cartan subalgebra of g, contained in g""", with j~ = f)~ ®RTq, ^ f)~. Thus, if 
f)~ is maximal, we have B{Cq) n 7?.* C ^c- n 

An alternative construction of a Weyl chamber C satisfying {%) and {ii) of Lemma 
5.3 is the following (which is a particular application of the general construction 
that will be described at the beginning of §6). Fix a Weyl chamber Co G C(7^) that 
is S-adapted to a (this means that a (7^+ (Co) \ T^im) C 7^"'"(Co)), and consider the 
Borel subalgebra : 

^c, = h® rcg. 

aG7^+(Co) 

Then b = C|"^©(q'^nbco) is a Borel subalgebra of g, corresponding to a Weyl 
chamber C G ^{T^-, Q) that satisfies (z) and (u) of Lemma 5.3. 

A Weyl chamber C G €.{TZ^ Q) that satisfies the equivalent conditions {i) and 
{ii) of Lemma 5.3 is called S-fit to (g, q). 

With arguments similar to those employed to prove Lemma 5.3, we obtain : 

Lemma 5.4. Let (^?, [)) he a Cartan pair adapted to (g, q). Then there exists a 
Weyl chamber C G €.{71, Q) that satisG.es the equivalent conditions : 

{iv) If a >~c and a >~c 0, then both a and a belong to . 
{v) a^cO for all a G B{C) \ {^c U 7^re) • 
Assume that C satisfies the equivalent conditions {iv) and {v). Then: 

{vi) If moreover f) is maximally compact among the Cartan subalgebras of g 
contained in g+ = q n g, then B{C) fl TZre C ^c- D 

A Weyl chamber C G €{Q,7l) that satisfies the equivalent conditions {iv) and 
{v) of Lemma 5.4 is called V-fit to (g, q). 

V-fit Weyl chambers can be obtained as follows: if bco = ^ ® '^ae'JZ+{Co) S'* 
the Borel subalgebra associated to a Weyl chamber Cq that is V-adapted to the 
conjugation cr, then © (q*" fl b^o) is the Borel subalgebra associated to a Weyl 
chamber C G C(7^, Q) that is V-fit to (g, q). 

5.2. Fundamental parabolic CR algebras. 

Theorem 5.5. Let (g, q) be an effective parabolic CR algebra. Fix a Cartan 
subalgebra I) of g adapted to (g, q) and fix an S-fit Weyl chamber C G €{TZ, Q) for 
(g, q). Then (g, q) is fundamental if and only if: 

(5.7) yaoe^cnQ-l ^ ^^^^ \ ^''^ ^ '^PP^^^^ ' - 

t or 3/3 G $c witii 13 G TZ~{C) and ao G supp^(/3) . 



Proof. The parabolic Ci? algebra (g, q) is fundamental if, and only if, there is no 
complex parabolic subalgebra q' of g with q + q C q' C g. All complex parabolic 
q' that contain q are of the form q' = q^^ for some set of simple roots '^c C ^c- 
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We can limit ourselves to consider the cases where = {cxq} for some ao G $c- 
Thus we obtain : 



(5.8) (0, q$p) is not fundamental 



3ao G such that 
{f3 e 111(3 he ao} C Q ' 



Indeed, q + q C q' if and only if q' C q"^ fl q Thus it suffices to further restrict 
our consideration to simple roots cto G $c HQ" and check whether JF = {/3 G 
I /5 he cto} is contained or not in Q". 

First we show that condition (5.7) is sufficient. Let ckq G $c H Q"'. If /? G 
B(C) \ and cto G supP(^(/3), then ^5 he c^o by the assumption that C is S-fit to 
(0, q) ; hence /3 e T \ Q". Likewise, if /9 G $c, P -<c and ckq G supp(^(/3), then 
— & J-'\Q^. This completes the proof of sufficiency. 

To prove that (5.7) is also necessary, fix again ao G $c HQ". If (g, q) is 
fundamental, then ^ Q"', and hence there is a root a with a >:c ckq and o: ^ Q". 
If a 0, then suppc(a)n$c = 0- Since ao G suppc7(a) C U/3Gsuppc(a) supPc(^), 
there is at least a /3 G B{C) \ with ao G supp(^(/3). Assume now that ao does 
not belong to supp(-;(/9) for any [3 E B \ ^c- Then, for a root a >~c cio thai does 
not belong to Q"", we have a 0. From ao G U/36supp(;j(a) supPc(/^) we obtain 
that ao G supp^(/3) for some (3 G 25(C) with (3 -<c 0, and hence in (^c- The proof 
is complete. □ 

Theorem 5.5 provides a criterion, only involving the conjugation of the simple 
roots of an S-fit Weyl chamber, for an effective parabolic CR algebra to be totally 
real. We found convenient to formulate the criterion for an arbitrary Weyl chamber 
CGC(7e, Q). 

Lemma 5.6. Let (g, q) be an effective parabolic CR algebra, and C G €.{TZ, Q). A 
necessary and sufficient condition in order that (g, q) be totally real is that : 

a G B{C) \ $c =^ supp(^(a) n $c = 



(5.9) 



Proof. The case where Q = TZ is trivial. Assume that Q ^ TZ. The first condition 
in (5.9) implies that B{C) \ $c C Q*". Hence = Q^. In particular, if a G Q", 

then a G 7^ \ Q*^. Then, since = Tl~^{C) \ , the second condition implies that 
a G for all a G $c- Hence $c C Q'^. Therefore B{C) C Q, so that we also 
have Q = QP' and hence Q — Q. The condition is obviously also necessary. □ 

Lemma 5.6 prompts a recursive method to construct the totally real basis of 
the canonical g-equivariant fibration (g, q) (fl^q'); with totally real basis and 
fundamental fiber. 

After taking any C G ^ (7^, Q) , we define recursively : 

[T^^ ={aG$c|«G7e+(C)} 
Tg^ = \ U«eB(C)\Tg') supPc(«) 
t[5'+^^= 1^^^ \ U«eB(c)\Tg') suppe(a) for h>\ 

Tc = r\h>o ^c^^ (finite intersection) . 
One easily verifies, using the previous results, that : 



(5.10) 
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Proposition 5.7. The natural Q-equivariant Gbration (g, q$p) — > {Qt^To) the 
fundamental reduction of (0, c($^). In particular, (5, q^,^) is fundamental if and 
onlyifrc = 0. □ 

5.3. Weakly nondegenerate parabolic CR algebras. 

We turn now to weak nondegeneracy for an effective parabolic CR algebra (g, q). 
We shall see that this property can be better examined in terms of V-fit Weyl 
chambers. 

Lemma 5.8. Let (g, q) be an effective parabolic CR algebra, i) a Cartan subalgebra 
of adapted to (0, q), and C e C{TZ,Q) a V-Gt Weyl chamber for (0, q). Let 
$c = 13(C) n and q' = q^^ D q (cf (3.12) for the notation), with ^'c C $c- 
Then the g-equivariant homomorphism of CR algebras (0, q) (0, q') is a CR 
fibration with a totally complex fiber if and only if 

(5.11) a-<cO Vae^c\^c- 

Proof. The 0-equivariant CR homomorphism (0, q) — > (0, q') is a CR fibration with 
a totally complex fiber if, and only if, q C q' C q + q. Thus, we need to show that 
these inclusions are equivalent to (5.11) when C e €{TZ, Q) satisfies (iv) and (v) of 
Lemma 5.4. 

Clearly, it suffices to consider the case where the difference \ *c consists of 
a single simple root ckq. We shall assume in the following that \ = {cko}- 

First we prove that, if ao -<c 0, then Q' = Qq,^ C Q U Q . Assume by con- 
tradiction that there is (3 E Q'\{QUQ). Then -(3, -/3 G C 7^+(C). More- 
over /3 e Q"", because Q'" C Q'" C (Q U Q) . Thus suppc(/3) n *c = 0, and 
hence supp(^(/3) fi — {cto}, because — /? e Q^. As C is V-fit, a -<c for 
all a e s\jLppfj{P) \ TZre- Since /? is not real, this implies that ^ 0, giving a 
contradiction. Hence Q' C (QU Q), and this proves that q C q' C q -|- q when 

ao e n-{c). 

Vice versa, assume that q C q' C q + q. In particular, — ao G Q. If ao G Q^^ then 
ao and ao = ao belong to opposite cones 7^^(C) and thus ao -<c 0. When ao ^ Q^, 
we have — ao G Q"^ C 7?.+ (C), and thus ao 0. The proof is complete. □ 

Theorem 5.9. Let (0, q) be an effective parabolic CR algebra, and let f) be a 
Cartan subalgebra of adapted to (0, q). Let C G €(7^, Q) be V-fit to (0, q). Then 
(0, q) is weakly nondegenerate if and only if: 

(5.12) a^cO VaG^c- 

Proof. Fix a Weyl chamber C G C{TZ, Q) for which (iv) and (v) of Lemma 5.4 are 
valid. By Lemma 5.8, the necessary and sufficient condition for (0, q) to be weakly 
degenerate is that there exists ao G contradicting (5.12). □ 

Corollary 5.10. Let (0, q) be a weaifij nondegenerate parabolic CR algebra. Let 

Q be the parabolic set associated to q in TZ = TZ{g, t)), for an admissible Cartan 
subalgebra f) of (0, q). Then (0, q) is totally real if and only if H = 0. 

Proof. Choose a V-fit Weyl chamber C G £(7^, Q) for (0, q). The second condition 
in (5.9) being automatically satisfied because C is V-fit and (0, q) weakly nonde- 
generate, we observe that the first line in (5.9) is equivalent to the condition that 
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5.4. A criterion of minimality. 

In [AMN] we only used maximally noncompact adapted Cartan subalgebras. Here 
we give a characterization of effective parabolic minimal CR algebras (g, q) in terms 
of the set of roots Q associated to q by any choice of an adapted Cartan pair (t?, f)). 

Proposition 5.11. A necessary and sufRcient condition in order that a weakly 
nondegenerate effective parabolic CR algebra {q, q) be parabolic minimal^, is that 

(5.13) Q"nQ-"c7^.. 

Proof. A necessary and sufRcient condition for (g, q) to be minimal is that 
+ t = Q. By complexification this condition can be rewritten as : 

(5.14) = qnq + l. 

Since ^ C q fl q, it suffices to show that (5.13) is equivalent to : 

(5.15) C q n q + i for all a e 7^ . 



To make the equivalence more clear, we first prove : 

Lemma 5.12. For all a ^ (Q" n Q"") U (Q"'^ n Q") 
have 

fl'* C q n q + I . 

Proof. We get : 7e \ [(Q" \ Q) U (Q" \ Q)] = Q'^ U Q'" U (Q'^ n Q) U (Q" n Q) . 
Clearly g^cqnqcqnq + l when a e (Q" n Q) U (Q^ n Q). 

Since the statement is invariant if we interchange q and q, to complete the proof 
of the lemma it suffices to show that C q fl q + t for all a E . 

Let C G €(7^, Q) be V-fit, so that a ((7^+(C) n \ 7^re) C 7^-(C). We also use 
the notation — tn (g" + g~"). This is a one-dimensional complex subspace 

of g when a eTZ\TZ^. 

For a e Q'" n (7^re U 7^im), we have a e n C Q n Q and hence g" C q_n q. 
If a e n 7^+(C) n n^p, then -a e 7e+(C) C Q. Hence -a, -a e Q n Q, so 
that: g-"cqnqcqnq + l, g" C g-" + C q n q + I . □ 

We conclude now the proof of Proposition 5.11. If condition (5.13) is satisfied, 
then (Q" n Q-") U n Q") C 7^., hence g" C I for all a e (Q" n Q-") U 
[Qr^ n Q"^). In view of Lemma 5.12, we obtain (5.15) and hence (5.14). 

Vice versa, assume that there is a G Q"^ fl Q ~" \ 7?.,. If a G 7?.*, then g" G p, 
and cannot be contained in q H q + 6. Otherwise, a G T^cp and a, —a G Q"^ fl Q 
This implies that g" © g" © g"" © g"" = -°) © |(-".«) © p(«'-«) © p(« -s) has 
intersection {0} with q n q and therefore (5.14) cannot possibly hold true. □ 



= (Q"\Q)U(Q"\Q) we 



^cf. [AMN]. Recall that the condition is equivalent to the fact that the corresponding CR 
manifold M{q, q) is the minimal orbit. 
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5.5. Cross-marked diagrams and examples. 

In the examples that will follow, here and in the next sections, to describe specific 
parabolic CR algebras, we shall utilize cross-marked diagrams. They are Dynkin 
diagrams, where the simple roots in B{C) for a Weyl chamber C e Q), are 
indicated by : 

o if the root is real; 

• if the root is compact imaginary; 

® if the root is noncompact imaginary; 

® if the root is complex and its conjugate belongs to Vf^iC); 

e if the root is complex and its conjugate belongs to 7V~ iC) 

and we cross- mark the roots in <^c- Some extra information about the action of a 
on the simple roots in B{C) is provided by some arrows and dotted arrows joining 
pairs of simple roots that have the same, or opposite, restriction to \)~ C or 
that are the edges of segments whose nodes are the support of real or imaginary 
roots. However, as we shall see, the most important information is carried by the 
colors of the nodes. 

Example 5.1. Consider the CR manifold M consisting of 3- planes £3 of with 
dimc(^3 n^a) = 1. This is an orbit of SL(6, M) in the Grassmannian of 3-planes of 
C^. Let £1, ... ,£6 be the canonical basis of C^. It is convenient to represent the 
Lie algebra 5t(6, M) in the basis 

ei = £1 + isQ , 62 = £2 + isb , es = £3 , 64 = £4 , 65 = £2 - is^ , ee = £1 - ise . 

Then M is the orbit of the 3 plane generated by ei, 62, 63. 

We can take f)M to be the set of real diagonal matrices. The parabolic q is qA for 
A = diag(l, 1,1,— 1,-1,— 1). The Weyl chamber C corresponding to the canonical 
basis ai = Ci — Cj+i (z = 1, . . . , 5) belongs to €{TZ, Q) and is V-fit. We have indeed 

ai = 66 — 65= —as 
a2 = 6s— 63= —(as +04) 
"3 = 63—64= as 
04 = 64—62= — (a2 -l-as) 
as = 62—61= — ai 

SO that the associated diagram is : 



ai 0.2 0:3 oi\ cts 

X 

We have $c = {^a}, a ([7^+(C) n \ ^re) C 7^-(C), $c = $c C 7^+(C). 
Hence, by Lemma 5.4, (g, q) is weakly nondegenerate. Our M is a CR manifold of 
hypersurface type (8, 1). Its Levi form has two positive, two negative and four zero 
eigenvalues. Hence M is fundamental and weakly, but not strictly nondegenerate. 
We obtain an S-fit chamber by describing sl(6, M) in the basis : 

ei = £1 , 62 = £2 + 5 63 = £3 + Z£4 , 64 = £3 - Z£4 , 65 = £2 - is^ , 65 = £6 • 
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One verifies that, with the basis of simple roots ctj = Cj — Cj+i (1 < i < 5) the 
corresponding diagram is : 



We have ai = ai + a2 + as + a4 as, in accordance with the fact that (g, q) is 
fundamental. 

Example 5.2. Consider the CR manifold M* consisting of all flags £i C £2 C £4 C 
£5 C (the subscript is the dimension of the linear subspace) , with 

dimc(4nli) = 0, £2=4+4, dimc(4n£4) = 3, dimc(4n4) = 3. 

We note that M* is not connected. Thus an orbit of SL(6,R) in M* wiU be a 
connected component M of M*. We can better describe such an M in terms of the 
choice of a suitable basis of C^. Denoting by £1, ... ,£5 the canonical basis of C^, 
we introduce the basis : 

ei = £1 + is2, 62 = £1 - is2, 63 = £3, 64 = £4 + ise, 65 = £5, ee = £4 - ise ■ 

Our M is the orbit, under the action of SL(6, M), of the flag 



We can take the Cartan subalgebra I) of 5t(6,M) that is described, in the basis 
ei,...,e6, by: 

I) = {diag(A, A, a, ii,b,fl)\ X, /i e C, a,b eR, 2Re(A + /i) + a + b = 0} 

and consider the corresponding root system TZ of sl(6,C) with respect to f). We 
identify [)k with the space of real diagonal matrices in 51(6, C) and the ens to the 
evaluation of the h-th diagonal entry of H E f)R. Let (0, q) be the effective parabolic 
CR algebra associated to M and Q the parabolic set of q. Then the Weyl chamber 
C e e(7^) with basis B{C) = {ai = - e^+i 1 1 < z < 5} belongs to €{n, Q) and 
= {ai,a2, a^, a^}. We have : 




as 

X 



(ei) C (ei, 62) C (ei, 62, 63, 64) C (ei, 62, 63, 64, 65) . 




ai = — ai 
a2 = 0:1+02 
as = a3+a;4+Q:5 



Thus (5.10) yields in this case: 




Thus the basis of the fundamental reduction is the Grassmannian of 2-planes £2 
in with £2 = £2- We give below the diagrams for (£|,q), for its fundamental 
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reduction (g, q'), and for the fiber (g, q"), (recall that the basis of the fundamental 
reduction of a parabolic is still parabolic). 



(0,q) 



(0,q') 



(0,q") 



X 



-e- 

OL-2 
X 



-e- 



a4 

X 



a5 

X 



X 



a2 

X 



as 



Q!4 



as 



as 



0:4 

X 



as 

X 



The fiber M" is the product of a complex disk (a connected component of the set 
of CP \ MP ~ S"^ \ S^) and a connected CR manifold N, consisting of flags in 
C^/C^: these can be identified to pairs £2 C £3 C such that dime (^2 n £2) = 1, 
•^3 7^ -^2 + ^2 and dime (-^3 fl £3) = 2. It is convenient to utilize the basis 64, 63, es, eg 
of ~ (63,64,65,66) C C^. Then Pi = 64, - 63, /32 = 63 - es,/?3 = 65-65 is 
the basis related to a Weyl chamber Cjv in which the diagram associated to the 
parabolic CR algebra of is : 



0' 



Pi 



-O- 

P2 

X 



P3 
X 



Since Cjv is V-fit, we see from this diagram that N is weakly degenerate. The 
basis N' of its weakly nondegenerate reduction, consists of planes £2 of with 
dime (^2 n £2) = 1, and corresponds to the diagram : 



Pi 



-o- 
P2 

X 



43 



P3 



The parabolic CR manifold N' is of hypersurface type (3,1), with a degenerate 
Levi form of signature (1,-1,0). Thus it is 1-pseudoconcavc (sec e.g. [HN]) and 
weakly, but not strictly, nondegenerate. The fiber F of the SL(4, M)-equivariant 
weakly nondegenerate reduction — ^ A^', that lies above a given 2-plane £2 with 
dime (^2 + £2) — 3, is isomorphic to the pencil of 3-planes in C^, that contain £2 
and are distinct from (£2 +-^2). Thus F ~ CP^ \ {a point} ~ C. Note that the CR 
algebra that is naturally associated to the fiber fails in this case to be parabolic. 
In fact, the CR algebra (g", q^) of the fiber is given by : 



fX c o\ 

z h s z 

A; 

Vo c a/ 




A,^,CeC 
h,k,s eR 
h + k + 2ReA 





A2 





C2 

e 

A3 
Ci 



Z2 



A4/ 



Aj, Zi, Q,d E C 
Ell Ai = 



where both and its complexification are nilpotent. 
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6. Canonical fibrations over a parabolic CR manifold 

Given an effective parabolic CR algebra (g, q), we constructed in the previous 
sections new parabolic complex subalgebras q' of g with q C q', to obtain smooth 
fibrations M(0,q) — > M(0,q') , namely with a weakly nondegenerate basis and 
totally complex fibers, and with totally real basis and fundamental fibers. Here, 
and in the next section, we consider smooth fibrations M(g, q') — > M{q, q), obtained 
by choosing special parabolic q' C g with q' C q, and that will be useful to find 
suitable Weyl chambers in Q) and to investigate the topology of the general 
M(0,q). 

We keep the notation of the preceding sections. In particular, we fix a Cartan 
pair [d, 1^), assuming that it is adapted to all the parabolic CR algebras that we 
shall consider. 

We have : 

Proposition 6.1. Let i)) be a Cartan pair adapted to the effective parabolic 
CR algebras (fl, q) and (fl, e). Then : 

(6.1) 1 = q'^ © (q^ n e) 

is a parabolic complex Lie subalgebra of § with : 



(6.2) 



r= q^ © (q'^ n e") D q' 
r= q'^ n e'^ C q'' 
( = © C q . 



Proof. Let Q, £ be the parabolic sets in TZ corresponding to the complex parabolic 
Lie subalgebras q, e, respectively. To prove that [ is parabolic, we need to prove 
that 

(6.3) £ = u (Q" n £) = u (Q" n S'') u (Q" n S"") 

is a parabolic subset of TZ. 

Let e [)k be such that Q — Qa, £ — Qb and fix £ > so small that 

e \a{B)\ < a{A) for aU a e Q^. Then we claim that 

£ = {a e 7^ I a{A + eB) > 0} . 

Indeed, when a G Q"^, then a{A + eB) > a{A) — e \a{B)\ > 0; when a ^ Q, then 
—a e Q'^ and hence a{A + £B) < 0; finally for a e Q'^, we have a{A + £B) — ea{B) 
and hence a e £ if and only ii a & £. 

The proof of (6.2) is straightforward. □ 

Vice versa, when [ is a complex parabolic subalgebra of g with t) C I C q, then 
\. = q"^ © (q^n Q, so that (6.1) gives a way to construct all complex parabolic 
subalgebras of q with [) C t C q. 
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Proposition 6.2. Let f)) be a Cartan pair adapted to the effective parabolic 
CR algebra (0, q) . Consider the complex parabolic Lie subalgebra 

(6.4) m = q^e (q^ni^'lq)) 

of 0. The a-invariant reductive subalgebra q^ fl q ^ is a complement in tt) of its 
nilradical tt)". We have: 



(6.5) 



lt)^ = q'■nq^ tt)" = q" e (q'' n 'i?(q")) D q" , tt) = tt)" tt)^ C q , 
ro'^nix)" = q"nq", tr'^ = tt)^ iDnro = q'^nq'^ © q"nq", 
and tt) is tiie smallest parabolic subalgebra of q that satisGes the conditions : 
(6.6) q"" n q"" C tt) C q and tt) + tr = q + q . 



Proof. By Proposition 6.1, tr is complex parabolic in q. Indeed 'i?(q) is complex 
parabolic in q and contains [). The parabolic set associated to i?(q) is i?(Q) = 
{a I — a E 0} = U Q~'^ . Hence the parabolic set corresponding to tt) is : 

(6.7) W= Q"u(Q'^n7?(Q)) = (Q'^nQ'^) uQ"u(Q'^nQ-") . 

We obtain (6.5) by using Proposition 6.1. 

We have W'^ = W'^ = Q'^ n Q'^, and W U W = W'^ U W" U W" = Q U Q. The 
right hand side of this equality can be written as a disjoint union : 

Q U Q = (Q'^ n Q'^) U (Q" U Q") U (Q^ \ Q) U (Q'^ \ Q) . 

In particular, \ Q C W for the parabolic set W of any complex parabolic tt) that 
satisfies (6.6), and this shows that the tr we constructed is the smallest complex 
parabolic subalgebra of q that satisfies (6.6). □ 

Since tt) C q, we have a g-equivariant CR fibration (0,tti) We call 

(0, tn) the canonical CR-lift of (0, q). 

Theorem 6.3. The canonical CR lift (0, tt)) — > (0, q) is a g-equivariant CR fibra- 
tion (in particular a CR submersion) with totally complex fibers. When (0, q) is 
weaifJj nondegenerate, then (0, ro) — > (0, q) is the weakly nondegenerate reduction 
of (0,tt)) (cf [Mm]). 

Proof. The statement is a consequence of Lemma 5.8 and of the next lemma. □ 

Lemma 6.4. Let (1?, ()) be a Cartan pair adapted to the effective parabolic CR 
algebra (0, q). Let (0,tt)) be its canonical CR-lift. Then a Weyl chamber C e 
^(7^, Q) is V-£t for (0, q) if and only if C e €{n, W) and is V-£t for (0, tt)). 

Proof. Assume that C e €{n, Q) is V-fit for (0, q). We want to show that 7^+(C) C 
W. Since Q" U (Q^ n Q^) C W, it suffices to prove that a e W for a e 
(7^+((7) n Q^) \ Q*^. Since C is V-fit for (0, q), for such a root a we have a -<c 0. 
Hence ^{a) = -a e 7^+(C) C Q, i.e. a e Q'^ n ^?(Q) C W. A chamber 
C e £(7^, W) that is V-fit for (0, q) is also V-fit for (0, tt)), because tt) C q. 

Let now C e £(7^, W) C £(7e, Q) be V-fit for (0, tt))_. Note that 7^+(C) n Q'^ = 
(7e+(C) n W) U (W" \ Q"), and W" \ Q" = n Q-". Since a for aU 
a e we obtain that a{n+{C) n \ Tire) C 7e-(C) and therefore C is also 

V-fit for (0, q). □ 
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Proposition 6.5. Let (i?, i)) be a Cartan pair adapted to the effective parabolic 
CR algebra (g, q), and let (g, ra) be its canonical lift. Let C e €{7l, Q) be V-fit for 
(0, q), and $c = ^(C) n Q^, $c = ^(C*) n Tlien : 

(6.8) = U {a e Be I suppc(a) n $c 7^ 0} • 

Proof. By Lemma 6.4, tt) = q|, for some set of simple roots with $(7 C ^c" C 
i3(C). Let Q ^ Qa ^ {a e n\a{A) > 0}, witli A e {)r. Fix a real £ > with 
e \a{A)\ < a{A) for aU a G Q"". Then : 

(6.9) W = {aen\a{A-eA)>0}. 

Indeed, W C Q because a{A — sA) < when a E TZ and a{A) < 0; moreover 
C W"', and a root a e belongs to W if and only if a{A) < 0, i.e. if and only 
ii^{a) e Q. 
Thus we have : 

#c = B{C) nW = {ae BiC) I aiA - eA) > 0} 
= $c U {a e i3(C) I a(A) = , a{A) < 0} 
= $c U {a e i3(C) I suppc(a) n $c ^ } , 

because $(7 \ $0 C TZcp and, for a complex a in ,B(C) \ $c we have a e TZ~{C) : 
hence Q:(yl) < whenever a{A) ^ 0, i.e. supp,7(Q:) fl $c 7^ 0. □ 

Wc can slightly improve the criterion of weak non-degeneracy of Theorem 5.9, 
by using Weyl chambers adapted to the canonical CR lift. We have indeed : 

Proposition 6.6. Let (??, t)) be a Cartan pair adapted to the effective parabolic 
CR algebra {q, q), and let {q, it)) be the canonical CR-lift of {g, q). IfC e C{Tl, >V) , 
then : 

(6.10) (0)C|) is weakly non-degenerate if and only if a ^ Va e • 

Proof. (^) We argue by contradiction. Assume that ao -<c for some ao e $c- 
We want to prove that Q' U Q' — Q U Q ior the parabolic set 

(6.11) Q' =Q^^ = Qu{pen\ suppc(/?) n $c C {ao}} , 

corresponding to = ^c\{cto} C B{C). It suffices to verify that /3 G Q if /3 
and supp^(/3) fl = {^o}- Since C e C(7^, W), each a e B(C) either belongs to 
y^n ^ Q"u(Q^n Q-"), or toW^ = Q^HQ^ ThusB(C)\$c C Q^UQ-", and, 
being ckq 0, we get —a e Q for all a e suppq{P), yielding P E Q. 

(<^=) Assume that (fl, q) is weakly degenerate. Then, for some ckq G ^C: (6.11) 
defines a parabolic set Q' with Q' U Q ' = Q U Q. In particular, — ao G Q. If 
-ao e Q", then -ao G C 7^+(C) and ao -<c 0. Otherwise, ao G Q'^ n 
and, because Q'' (1 Q"" C >V~^, the condition that C G e:(7^, W) implies that 
ao ■<c 0. □ 

Proposition 6.6 gives a way to construct the weakly non-degenerate reduction of 
a parabolic CR algebra: 
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Corollary 6.7. Let (g, ro) he the canonical CR-lift of the parabohc CR algebra 
(g, q) and f) a Cartan subalgebra of q adapted to (g, q). IfCe €.{TZ, W) C €.{TZ, Q), 
$c = B{C) n Q", and 

(6.12) *c = {ae$(C)|ae7e+(C)}, 

then the 0-equi variant Ci? fibration (g, q) — > (g, q^-^) weaifij nondegenerate 

reduction of (g, q). □ 

Proposition 6.8. Let {'&, f)) be a Cartan pair adapted to the effective parabolic 
CR algebra (g, q), and let (g, ro) be tie canonical lift of (g, q). Tiien tiie natural G- 
equivariant projection M(g, tt)) ^ -/^^(g, q) is a Ci? fibration with totally complex 
connected fibers. 

Proof. Our CR manifolds are described as homogeneous spaces by the quotients 
M(g,q) = G/G+ with G+ = NG(q) and M(g, ra) = G/W+, where W+ = 
NG(ra). 

We want to prove that every connected component of G+ contains an element 
of W+. 

Let g_(_ = gfiq be the Lie algebra of G_|_ and consider its decomposition in (4.3) of 
Proposition 4.3 : we have q+ — n©go, where n is the ideal of the nilpotent elements 
of the radical of g+ and go = q^nq''ngisa i^-invariant reductive complement of 
n in g+. 

Being algebraic, G_|_ has a Chevalley decomposition (see [Ch, Chap. 5, Sect. 4]) 
into the semidirect product N x Go of the analytic subgroup with Lie algebra n 
and of a closed Lie subgroup Go with Lie algebra go. 

Let g e G+ and denote by Vg the connected component of g in G-|-. Since 
N is connected, we can as well take from the start g in Gq, so that in particular 
Adg(£f)(go) =go- 

Since go is a real form of q'^ fl q ^, by complexification we obtain that Adg {g) {q^ fl 
q^) — q^ n q'~. Thus Adg((7)(lti) is a parabolic complex subalgebra of g with 
q'"n q^ C Ad0(5f)(rD) C q. Since dimc(Ad0(5f)(m)) = dimc(ro), it follows from 
the characterization of tt) in Proposition 6.2, that Adg(5r)(tt)) = tt), and hence g e 
W+. □ 

Next we describe a construction that is similar to the one discussed above. We 
keep the notation introduced therein. 

Proposition 6.9. Let {'d, f)) be a Cartan pair adapted to the effective parabolic 
CR algebra (g, q), and let: 

(6.13) = q"®(q'^nq) . 
Then is a parabolic subalgebra of g, such that : 

r = 5^ = q'"nq^ t)" = q"®(q'"nq^)Dq^, D = t)^ ® 0^ C q 

(6.14) <^ 

(^t)"nt)" = q"nq^, 0^ = 0^, ont) = qnq. 

It is uniquely determined by the condition of being the smallest complex parabolic 
subalgebras q' C g with : 



(6.15) 



q n q c q' C q . 
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We note that the construction of t) is independent from the choice of the Cartan 
pair [)). 

Proof. All Cartan subalgebras {) adapted to (g, q) are also contained in q. We 
apply Proposition 6.1. The parabolic set corresponding to is : 

(6.16) V = U (Q'" n Q) = (Q^ n Q"-) U Q" U (Q^ n Q") . 

Then it is easy to verify (6.14) by using Proposition 6.1. 

All complex parabolic q' C that satisfy (6.15), also satisfy q'"^ D q", because 
q' C q, and q^ n q C q n q ; hence C q' if q' satisfies (6.15). □ 

The parabolic subalgebra (g, f) defined in Proposition 6.9 is called the weakest 
CR model of (g, q). 

By Theorem 4.14, since qnq = t)n6, we have : 

Theorem 6.10. Let (g, q) be an effective parabolic CR algebra and (q, o) its weak- 
est CR model. Then the holomorphic projection M(g, tj) — > M(g, q) restricts to a 
smooth diffeomorphism M(g, o) M{q, q). □ 

Lemma 6.11. Let (g, q) be an effective parabolic CR algebra and i) a Cartan 
subalgebra of g adapted to (g, q). Let Q = Qa = {a e71\ a{A) > 0}, with A G Pir. 
Then the parabolic set V of the parabolic complex t) C g of the weakest CR model 
(g, o) of (g, q) is given by: 

(6.17) V = {aeTZ\a{A + eA)>0} 

where £ is any positive real number with e\a{A)\ < a{A) for all a e Q^. 

Proof. Since a{A + eA) < when o: ^ Q, we have C and hence V C Q. 
Moreover a e belongs to V if and only if a{A) > 0, i.e. if and only if o; e Q. □ 

Proposition 6.12. Let (t?, f)) be a Cartan pair adapted to the effective parabolic 
CR algebra (g, q), and let (g, tr) be the canonical lift of (g, q). Then (g, tr) coincides 
with its weakest CR model. 

Proof. We use the notation of Lemma 6.11. By Proposition 6.5, tn = qB with 

B = A — sA G [)m for < £ < £o- Then, by Lemma 6.11, the weakest CR model of 
(g, ro) is (g, o') where o' = qc with C = A-e'A G [)m, with e' = for < 5 < 5o 
sufficiently small, and hence o' = tt). □ 

We have : 

Lemma 6.13. Let (g, o) be the weakest CR model of (g, q) and i) a CR algebra 
of g adapted to (g, q) (and hence also to (g, o) If Q, V are the parabolic sets 
corresponding to q and t) in7l = 7?.(g, [)), then : 

(6.18) Q"nQ-" = v^nv-^. 

Proof. We have : V" = Q" U (Q^ n Q") and hence V = Q U (Q'" n Q -") . 
Since : 

(Q'^nQ'^) n(Q"nQ-") =0, (Q^ n Q") n = 0, Q'^ n (Q^ n Q-'^) = 0, 

we obtain (6.18). □ 
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Proposition 6.14. The effective parabolic CR algebra {q,c\) is minimal if and 

only if its CR weakest CR model (g, o) is minimal. 

Proof. The statement follows by (6.18) and the characterization of parabolic mini- 
mal given in Lemma 5.11. □ 

Lemma 6.15. Let (g, q) be an effective parabolic CR algebra and (g, t)) its weakest 
CR model. Tlien a Weyl cliamber C e C{n, Q) is S-fit for (g, q) if and only if 
C e C{n, V) and is S-fit for (g, t)). 

Proof. We have €{n, V) C €{n, Q) because V C Q. Since V" = U {Q" n Q'^), 
for C e (2:(7^, V) and a G \ Q'^, we get a G C C 7^+(C). If moreover 
C G £(7^, V) is S-fit for (g, o), then a^cO also for a G (V^ n 7^+(C)) \ 7^i^,; since 

n 7^+(C) = (V^ n 7^+(C)) U (V" \ Q^), it follows that C is S-fit also for (g, q). 

To complete the proof, it suffices to show that an S-fit Weyl chamber for (g, q) is 
admissible for (g, o). Let C be S-fit for (g, q). The elements a of V" \ belong to 

n : this implies that a and therefore that a >~c 0, by the assumption 
that C is S-fit for (g,q). Hence V" C 11+ (C) and therefore C G €{n,V) when 
C G (2:(7^, Q) is S-fit for (g,q). □ 

Proposition 6.16. Let (g, q) be a parabolic CR algebra, with q = q^^ for an S-fit 
Weyl chamber C G £(7^, Q). Then its weakest CR model is (g, q^ti ), for 



Proof. Let C G €{n, Q) be S-fit for (g, q). If CalQ = Qa for A G then $c = 
{P G B(C) > 0} and, by Lemma 6.11 and Lemma 6.15, C G (r(Q, V) and 

thus = q^i for = g ;B(C) | /3(A) + eP{A) > 0} with £ > and sufficiently 
small, yielding the characterization in the statement of the Proposition. □ 

From Corollary 5.10 we obtain: 

Corollary 6.17. Let (g, tj) be the weakest CR model of a parabolic CR algebra 
(g,q). Then: 

{i) (g, o) is either totally real, or weakly degenerate. 

(a) If (g, q) is weakly non-degenerate, then o = q if and only if (g, q) is totally 



By using Corollary 6.17, starting from a parabolic CR algebra (g, q), we can 
construct a chain of parabolic CR algebras (g,q/i), (g, t)^) and g-equivariant CR 
homomorphisms : 



c 



(6.19) 



= $c u {/3 G B{C) n I suppc(;^) n $c ^ 0} • 



real. □ 



(0,qi) 



(0,Ol) 



(6.20) 



(s,q2) 



(0,02) 



(0,q3) 



(0, 03) 
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where each vertical arrow is a weakly nondegenerate reduction and each horizontal 
arrow is a lifting to the weakest CR model. 

If we denote by ^(g) the set of all parabolic complex Lie subalgebras of g, and 
set Oo = 0-1 = 0, we have, for all integers h > 0: 



This characterization shows that the construction in (6.20) is uniquely determined 
and independent of the choices of the adapted Cartan pairs in (g, qh) and (g, D/i). 

We know that the G-equi variant maps M(0,O/i) — > M(0,q^) (for h > 0) are 
smooth diffeomorphisms, while the G-equivariant maps M(0, O/i) — > M(0, q^+i) 
(for h>0) are CR fibrations. In particular, there is a smallest integer m > — 1 such 
that dimRM(0, D/^) > dimuM (g, O^+i) for h < m+1, and M{q, 0^) = M(g, i>m+i) = 
M(g, qm) for all h > m + 1. Hence, by the characterization of the fibers in Theorem 
4.9, we have : 

Proposition 6.18. With the notation above: let {Q,qh), {Q,^h) be the sequence 
of weakly nondegenerate parabolic CR algebra and of their weakest CR models 
deGned above. Then there exists a smallest integer m > such that qn — — 1m 
for all h > m. Moreover, (g, q^) is totally real and m is the smallest nonnegative 
integer for which (g, qm) is totally real. 

By composition, we obtain a G-equivariant fibration M(g, q) — > M(g, q^,) where 
the basis M(g, q^) is a totally real parabolic CR manifold and each connected 
component of the fiber is a Cartesian product of Euclidean complex nilmanifolds 
and of simply connected totally complex parabolic CR manifolds. □ 

Example 6.1. Let £i, . . . , £5 be the canonical basis of C C^. Let G = SL(6, M) 
consist of the matrices of G = SL(6,C) which have real entries in the canonical 
basis. We consider in the basis : 

ei=£i+i£4, e2=£2+^£5, 63 = es + iee, eA = Si-isa, 65 = 62-185, CQ^es-ieQ 
and we want to investigate the G-orbit M of the flag 

(ei) C (ei, 62) C (ei, 62, 63) C (ei, 62, 63, 64) C (ei, 62, 63, 64, 65) . 

Let (g, q), with g = s[(6,]R), be the associated parabolic CR algebra. We consider 
the Cartan subalgebra t) of s[(6, M) that is represented, in the basis ei, . . . , ee, by 
the diagonal matrices diag(Ai, A2, A3, Ai, A2, A3) with Re(Ai + A2 + A3) = 0. Then 
[)r consists of the 6x6 traceless real diagonal matrices. 

The cross-marked diagram associated to (g, q) in the adapted Weyl chamber C 
with simple roots B{C) = {ctj = ei — Cj+i , 1 < ^ < 5}, is the following : 



(6.21) 



qh = the largest G ^(g) such that \Jh-i C a C \Jh-i + ^h-i , 
\3h — the smallest a G ^(g) such that q/i Pi q^ C a C q^ . 



©- 
ai 

X 




-© 
as 

X 



Since q is a complex Borel subalgebra of g, the chamber C is S-fit and then (g, q) 
is fundamental by Theorem 5.5, because as = — (cti + 0:2 + 0:3 + 0:4 + 0:5). The 
chamber C is also V-fit, and we obtain the weakly non-degenerate basis (g, qi) by 
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dropping the cross under the simple root as with -<c 0. The diagram associated 
to (0, qi) is: 

e © e © © 

a\ (X2 cus q;4 ol^ 

XX XX 

The parabohc qi is defined by the element Ax = diag(2, 1, 0, 0, —1, —2) e To 
compute its weakest CR model (g, Di), we observe that Ai — diag(0, —1, —2, 2, 1, 0), 
so that Ai + eAi = diag(2, 1 — £, — 2e, 2e, —1 + £, —2). To take a Weyl chamber 
adapted to (g, Di), it is convenient to consider the basis obtained from ei, . . . , eg by 
reordering its elements according to the decreasing ordering of the diagonal entries 
of ^1 +£^1. We obtain the new basis : ei, 62, 64, 63, 65, cq . With a'^ = ei —62, 0:2 = 
62 — 64, 03 = 64 — 63, q;4 = 63 — 65, = 65 — 66 being the simple roots a Weyl 
chamber C e €{7l, Vi), we obtain the diagram: 



-©- 



a-x 

X 



"2 
X 



«3 
X 



X 



«5 
X 



The weakly nondegenerate reduction (g, q2) of (g, Oi) has the diagram: 





. * . 

V 


.■■*■■. 
— ©— 




. * . 


X 


«2 


«3 
X 


Q;4 


X 



We have q2 = c\a2: with 

A2 = diag(2, 1, -1, 1, -1, -2), A2 = diag(l, -1, -2, 2, 1, -1), 
so that A^^-eA-i = diag(2+£, 1— £, — 1— 2£, l+2£, — 1+£, — 2— £). To describe (g, D2), 
for t>2 = 1a2+£A2' convenient to consider the Weyl chamber C" e €{TZ, V2) that 
corresponds to the simple roots related to the ordered basis 61,64,62,65,63,65 of 
C^, for which the entries of A2 + £^2 are decreasing: with a'{ = ei — 64, 0:2 = 
64 — 62, 0:3 = 62 — 65, a'l = 65 — 63, 0:5 = 63 — 66 , we obtain for (g, 02) the diagram : 



®- 

X 



«2 
X 



«3 
X 



X 



«5 
X 



Since t)2 is Borel, C" is V-fit for (g, D2) and the diagram of the weakly non- 
degenerate reduction (g, q3) of (g, 02) is obtained by dropping the crosses under 
the Q!-"s with a'- ^c" : 



®- 



-®- 



«2 
X 



04 

X 



etc 



The parabolic CR algebra (g, q3) is totally real, as q3 = with 

^3 = diag(l,0,-l,l,0,-l) = i3. 
Hence (g, q2) = (g, tin) = (g, q/i) for aU h_> 3. The map M(g, q) ^ M(g, q3) is 
given by (4,^2,^3,4,4) ^ (4+4,4 + 4). 
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7. The isotropy subgroups 

Let be a real semisimple Lie algebra, g its complexification, a Cartan involu- 
tion of Q. Let [) be a i?-invariant Cartan subalgebra of Q and TZ = TZ{q, f)) the root 
system of q with respect to the complexification [) of f). Denote by A (7^) the addi- 
tive subgroup of [)^ generated by TZ and by n(7^) the lattice of weights, consisting 
of all 7/ e f)^ for which (r/la^) = 2{ri\a)/\\af e Z. We have A{n) C U{n). 

Given a lattice (i.e. a free Abelian group) £, a character of £ is a homomorphism 
X '■ ^ — s> C* of £ into the multiplicative group C* = C\{0} of non-zero complex 
numbers. If 6i, . . . , 6^ G £ is a basis of C over Z, a character x ^ Hom(£, C*) is 
completely determined by its values Aj = x(^i) {^or 1 < i < £) on the basis, so that 
Hom(£,C*) ~ [C*]^ 

We keep the notation of the previous sections, in particular G is a connected 
and simply connected complex Lie group with Lie algebra q and G its analytic 
subgroup with Lie algebra g. It is a covering group of any linear group with Lie 
algebra g. Let H be the Cartan subgroup of G corresponding to t) : 

(7.1) H=Zg(^) = {zeG\Ad^iz){H) = H, V/f e ^ } . 

All finite dimensional C-linear representations of the complex semisimple Lie alge- 
bra g are differentials of representations of the complex Lie group G. Each element 
/j. of H defines a character Xh £ Hom(n(7^), C*), and vice versa, a character x ^ 
Hom(n(7?.),C*) defines the element /j.^ e H. To explain this correspondence, take 
first a faithful representation p : G ^ SLc(F), corresponding to p : g ^ slc{V), 
for a finite dimensional complex linear space V , and define p{h^){v) = xi^) foi" 
V ^ = {v e V\p{H){v) = uj{H)v, e t)}, for u G ^(7^). The Cartan 
subgroup H is analytic and exp: [) — > H is onto, so that the correspondence with 
Hom(^(7^),C*) can also be described by Xexp(i^) 

(w) = exp{uj{H)) for H ei). With 

£ — dimc(f))=rank of g we have : 

(7.2) H = Z^(^) = {/ix I X e Hom(^(7^), C*)} ~ Hom(^(7^), C*) ~ [C*]^ . 
The Cartan subgroup H of G corresponding to I) is the centralizer of 1^ in G : 

(7.3) H = Zoii)) = {/i G G| Ad£,(/i)(if) ^H,yH ei)}. 

For a lattice £ C with cr(£) = £, we set 

Hom'^(£,C*) = {x G Hom(£,C*) |x(r7) = xM, e 
We obtain : 

Lemma 7.1. Let g be a real semisimple Lie algebra, i) a Cartan subalgebra of g. 
Then : 

(7.4) H = ZG(f)) = {h^ I X e Hom^(^(7^), C*) } . 



Proof. The action of a on Hom(n(7^), C*), given by ct(x)(?7) = xiv) coincides, 
under the correspondence (7.1), with the action of a on H. Then the statement 
follows from the fact that H = H n G and H = H'^ because of (4.2). □ 
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In view of the preceding Lemma, we now give a more explicit description of 
Hom'"(^(7^),C*). Fix a Weyl chamber C G (r(7^) that is S-adapted to the conju- 
gation a . Set B{C) = . . . , /3J U {n, . . . , n}, with . . . , /3J = B{C) \ TZ,^ 
and {ti, . . . ,T6} = B{C) fl T^-im- By Theorem 5.1, the conjugation a is described 
in B{C) by an involutive permutation j : (3i ^ — Pi' of . . . ,/5a} and a 

matrix of nonnegative integers (ki^q) , 1 < i < a , 1 < q < b , such that : 



(7.5) 



= (5i> , A;i',p = /ci,p forl<i<a, I <p <h. 



In n(7?.) we consider the basis B*{C) = {uji, . . . ,uja, ^i, . . . , Ob}, adjoint of B{C) , 
defined by : 

(7.6) <^ foTl<i,j<a, l<p,q<b. 

\e,\(3j) = o {e,\T^) = 5,,q - - - - 



The conjugation a is described in B*{C) by : 
(7.7) 



uji = uji> for 1 < z, z' < a , j(/?j) = (3i. 

Op = -Op + ^j-,p^j for 1 < p < 6 , 



where/c^.p = /c,,p||rp||V||/3,f. 

The characters x ^ Hom'^(n(7^), C*) are those satisfying : 

xiuJi) e C* , xiOp) e C* , for 1 < z < a , 1 < p < 6 , 
(7.8) { xR) = xM for 1 < < a, = Pr 

\x{Op)\' = UU[xMf'^^ forl<p<6. 



Each lattice JC in [)^, with A (7^) C £ C 11(7^), is the set of weights of all 
finite dimensional linear representations of an essentially unique connected complex 
semisimple Lie group G^. For instance, we have G^(7^) = G (the simply connected 
complex Lie group with Lie algebra q) and Ga(7^) = Intc(fll) (the group of inner 
automorphisms of the complex semisimple Lie algebra q) (see e.g. [OV, Ch.3, 
Theorem 2.11]). When moreover cr(£) = £, the analytic Lie subgroup of G^ with 
Lie algebra g is a real form Gjc of G^ . Vice versa, every connected linear semisimple 
Lie group with Lie algebra Q can be obtained in this way. The Cartan subgroup : 

(7.9) lic = ZGAi)) 

of G£, relative to (), is a real Lie subgroup of the complex Cartan subgroup : 

(7.10) = Z^^i)) = {h^ I X e Hom(£, C*)} 
of GjC, relative to i). From Lemma 7.1 we obtain: 
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Corollary 7.2. Let C be a lattice in i)^ with A(7^) C £ C ^(7^) and a{C) = C. 
Denote by x — ^ x' restriction homomorphism Hom(n(7^), C*) — > Hom(>C, C*). 
Then : 

(7.11) = (V |X e Hom-(^(7^),C*)} . 

Proof. The covering map G — * Gc transforms the Cartan subgroup H of G into 
the Cartan subgroup H£ of G^ . □ 

From Corollary 7.2 we obtain the exact sequence : 

(7.12) 1 Rom." {U{n)/C, C*) Hom'"(^(7^), C*) ^ ^ 1 . 

We can utilize (7.12) to compute the group 7ro(H£) of the connected components 
of the Cartan subgroup H^. We have indeed: 

Theorem 7.3. Keep the previous notation. Let C G ^{TZ) be S-adapted to the con- 
jugation a. Denote by uji, . . . ,uja the weights in B*{C) that vanish on B{C) fl T^im, 
and by {6*1, . . . , 6*^} those vanishing on B{C) \ TZ\ra- By reordering, we assume that 
{wi, . . . ^ujc} is the set of weights in B*{C) with cDj = Wj. DeGne the non negative 
integers k[ p, for 1 < i < a, 1 < p < b, by dp = —dp + X^iLi K,p'^i- Consider the 
subgroups of the free Abehan group : 

A={(?7i,...,?7e)GZ^|E-=iM,p^^ = mod2, Vl<p<6}, 

(7.13) 

A£= {(r/i, . . . , T/c) e A I Yli=i hVi = mod 2 , if ^^^^ kiUJi e C} . 

Then : 

(7.14) Mile) = A/ Ac. 



Proof. The exact sequence (7.12) yields the exact sequence for the groups of the 
connected components : 

7^o(Hom''(^(7^)/£,C*)) ^ 7^o(Hom^(^(7^), C*)) ^ 7ro(H£) 1 . 

The statement follows because 7ro(Hom'^(n(7^), C*)) = A, and, in this isomor- 
phism, the image of 7ro(Hom''(^(7^)/i:, C*)) in 7ro(Hom^(^(7^), C*)) is identified 
with A^. □ 

Example 7.1. Consider the B2 system of roots TZ = {±ei±e2}U{±ei, ±62} C M^, 
with a defined by cr(ei) = 62 and cr(e2) = ei. In the Weyl chamber C with simple 
roots {ei — 62,62}, that is S-adapted to cr, it can be represented by the diagram: 

® > =0 

T P 

We have, for the adjoint basis, 9 = ci and u = {ei + 62) /2. We obtain 9 = —9 + 2uj 
and u) — u>. Then fc' = 2, m = 1, and A = Z2. The quotient Il(7l)/A{TZ) is a 
group of order 2, with the generator [a;] and 2[uj] = 0. Hence 7ro(H) ~ Z2, while 
7^o(HA(7^)) = Z2/Z2 = 1. 
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Let Gc be any connected real linear Lie group with Lie algebra g, and f) a Cartan 
subalgebra of q. The Cartan subgroup He is a normal subgroup of the normalizer 

(7.15) = Ng^(^) = e G,: I Ad(^)(^) = I)} 
of f) in G£ . The quotient 

(7.16) Wc = N^/H^ 

is the analytic Weyl group corresponding to f) and C. 

We know (see e.g. [Wa, Ch.l,§4,p.ll5]) that actually the analytic Weyl group 
only depends, modulo natural isomorphisms, upon the real Lie algebra g and its 
Cartan subalgebra [); to stress this fact, we shall write W(0, [)) instead of . 

Let us consider now an effective parabolic CR algebra (g, q). 
We keep the notation introduced in previous sections, in particular we fix a 
Cartan pair (i?, f}) adapted to (g, q). 
We have the decomposition 

(7.17) g^ = qn5 = n©so = t©5o = n©3o©5o 
where : 

t = n © 3o is the radical of , 

n is the ideal of the adg-nilpotent elements of the radical of g+, 

3o is a maximal Abelian subalgebra of ad-semisimple elements of r , 

00 = 3o ® 5o is the invariant reductive complement of n in 

So = [flO) 0o] is the semisimple ideal and 30 is the center of go. 

The Cartan subalgebra f) of g, contained in decomposes into the direct sum : 

(7.18) J) = 30 © f)o 

where f)o = f) flSo is a Cartan subalgebra of So- The subalgebra 30 is characterized 
by: 

(7.19) 30 = {iy e f)|a(iy) = 0, Vae Q^nQ^}. 

Indeed its complexification 30 is the center of the reductive complex Lie algebra 
q'^nq^ 

The isotropy subgroup 

(7.20) G+ = NG(q) ^ {g e G \ Ad{g){q) = q} 

is a closed real-algebraic subgroup of G, with Lie algebra g+. Thus we have the 
Chevalley decomposition : 

(7.21) G+ = Go X N 

where Gq is a closed, real-algebraic, reductive subgroup of G, with Lie algebra 
go, and N is a unipotent closed connected and simply connected subgroup of G, 
diffeomorphic to its Lie algebra n. 

We also define So to be the analytic semisimple Lie subgroup of G with Lie 
algebra So- 
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Proposition 7.4. The group Go is the normahzer in G of 0o ^nd the centrahzer 
in G of 3o : 

Go-NG(go) = {^7G G|Ad((7)(0o) =So} 

(7.22) 

= Zg(3o) = e G I Ad(^)(iy) = , Vff e 30 } • 

Proof. While proving this Proposition we can assume that f) is maximally non- 
compact among the Cartan subalgebras of g that are contained in Indeed, all 
admissible Cartan subalgebras of (g, q) are conjugate to the direct sum of 30 and 
a Cartan subalgebra f)o of Sq. Thus our assumption means that we have chosen a 
maximally noncompact Cartan subalgebra l)o of 5o- 
We first prove that 

(7.23) Go = e G+ I Ad(^)(5o) = 50} • 

If ^ e G_|_, then Ad{g){Qo) is a maximal reductive subalgebra of By [OV, 
Ch.I,§6.5] there is an element n e N such that go = ^d{g n~^){go). This yields a 
decomposition g = go n, with go G Ng+(0o) and n e N. Since 30 C go, and [30, n] = 
n, we have NnNG^.(go) = {!}• This yields the decomposition G_(_ = NG+(go) x N. 
Since we also have (7.21) and go is the Lie algebra of both Go and NG_,_(go), we 
obtain that Gq = NG_,_(go) • 

Next we show that Zg(3o) = Ng(0o). If ^0 e NG(go), then Ad(^o)(3o) = 3o- 
Moreover, Ad(^o)(^o) is another maximally noncompact Cartan subalgebra of Sq. 
Therefore there is an inner automorphism of Sq, and thus also an element gi G Sq 
such that gi o go{^) = i) (see e.g. [SI], [S2], [OV, Ch.4,§4.7]). Let g = gi o go. 
Since So C Zg(3o), it suffices to show that g G Zg(3o)- We have Ad{g){],o) = 30 
and Ad(^)(l)o) = f)o- In particular, g G NG(i^). Since Ad(^) commutes with the 
conjugation a in g, and Ad(^)(q") = q^, Ad(^)(q^) = q*", we also have: 

(7.24) Ad(^)(q'"nr) = q'"nr and Ad(^) (q" + [q n q^) = q" + [q n q^ • 

The analytic Weyl group W(g, 1^) = Ng({))/H can be identified to a subgroup 
of the Weyl group W(7^) = Ne(^)/H. The element Sg G W(7^) defined by g 
satisfies: Ad(5f)(0") C g^^^") for all a e TZ. Because of (7.24), g normalizes the 
complex parabohc subalgebra t) = q"^ + (q'^ fl q), with D'^ = q*^ fl q'^. Hence Sg is the 
composition of symmetries Sa with ctGQ^nQ^. IfaGQ^flQ^ and G 30 we 
obtain for Xp G g^ : 

[Ad{g){H),Ad{g)iXf3)] = Adig){[H, Xf^]) 

= (3{H) Ad{g){Xf3) = s^mH)Ad{g){Xf3) 

because Sc,{l3){H) = {/3 - (/3|a^)a)(if) = f3{H), since a{H) = by (7.19). This 
shows that [Ad{g){H), X^] = (3{H)Xp for all (3 e TZ and hence that Ad(^)(if) = H . 
Moreover Zg(3o) C NG(go) because go is the centrahzer of 30 in g, and hence the 
equality follows. 

Finally we observe that Zg(3o) C Q = N^(q). Indeed, if go G Zg(3o)5 we 
can find gi G So such that g — gigo normalizes our Cartan subalgebra f), still 
centralizing 30. Being Q = {a G TZ\a{A) > 0} for an element A G I)r H 30, 
clearly Ad(^)(q) = q. Hence also Ad(^o)(c|) = 1- This shows that Zg(3o) C G+, 
completing the proof of the Theorem. □ 

Next we prove that our choice of G = G^(7^) brings that also So is the semisimple 
real group associated to the full weights lattice of So- Indeed we have : 



ORBITS OF REAL FORMS IN COMPLEX FLAG MANIFOLDS 



43 



Theorem 7.5. The complexification So of the hnear Lie group So is simply con- 
nected. 

First we prove the foUowing : 

Lemma 7.6. Let E be a hnear hyperplane of [)^ and let TZ' = E D TZ. Then 
every basis of simple roots {cti, . . . , ctm} of TZ' is a subset of a basis of simple roots 
{«! , . . . ,am, am+1 , . . . , at} ofTZ. 

Proof. Let A G f)M be such that E — {rj E \ r]{A) = 0}. Next we take a regular 
element B E i)u such that {ai, . . . , am} is the system of simple roots in TZ'^ — {a E 
TZ' I a{B) > 0}. For small £ > the element A + eB is regular and cti, . . . , am 
are simple in TZ'^ = {a E TZ\a{A + eB) > 0}. Indeed, we take £ > such 
that e\a{B)\ < \a{A)\ when a{A) ^ 0. Assume by contradiction that, for some 
1 < z < m, the root ai is not simple in TZ'^ , i.e. that we have ttj = /3 + 7, with 
(3{A + eB) > 0, 7(A + e B) > 0, (3{B) > 7(5). Since ai is simple in 7^'+ ,we 
have 7(S) < < ^^(S) < P{B). Hence 7(A) > 0. Moreover P{A) > 0, because 
otherwise P{A + e B) < hy our choice of e. Thus we obtain : 

a,(A)=/3(A)+7(A)>7(A)>0, 

contradicting ai E E. □ 

Proof of Theorem 7. 5. We keep the notation introduced in the previous discussion. 
While applying Lemma 7.6 to our situation, we observe that, if our parabolic Q 
is {a E 7Z \ a{A) > 0} for some A E 1)^7 then the set of roots a with C Sq is 
7Z' = n Q"^ = {a E 7Z \ a{A + eA) = 0}, where e is any positive real number 
with e \a{A)\ < a{A) for a E Q". This set TZ' is naturally isomorphic to the root 
system TZ{so, i)o) of the semisimple complex Lie algebra Sq with respect to its Cartan 
subalgebra ^0 • We identify Il{TZ') to the set of elements cv in (7?.')r C i)^ for which 
{uj\a'^) E Z for all a. E TZ' . We have a natural projection zo : Il{TZ) — > Il{TZ'), that 
is defined by {vj{rj)\a'^) = {r]\a'^) for all a E TZ' , and coincides with the orthogonal 
projection onto {TZ')m- 

The lattice C = tu(^(7^)) satisfies A(7^') C £ C ^(7^') and is the set of weights 
of the finite dimensional linear representations of So. 

According to Lemma 7.6 we can fix C G €{TZ, Q), with B{C) = {ai, . . . , a^}, in 
such a way that B' = {ai, . . . , Om}, with m < £, is a basis of TZ' . Let B*{C) ~ 
{//I, . . . , Hi} C n(7^) and B'* = {vi, . . . , Vm} C 11(7^') C (7^')k be the correspond- 
ing adjoint basis. Then va{iJii) = Vi for z = 1, . . . , m. This shows that actually 
C = Il{TZ'), proving our statement. □ 

Now we give a more accurate description of the group 7ro(G-|-) of the connected 
components of G+. 

Theorem 7.7. Let (5, q) be an effective parabolic CR algebra. Keep the notation 
of (7.17), (7.18), (7.20) and (7.21). Then Nso({)o) is a closed normal Lie subgroup 
of NG(t)) n Zg(3o)- The natural inclusion Ng({)) H Zg(3o) ^ passes to the 
quotient to dehne a one-to-one correspondence of connected components : 

(7.25) TTo (Ng(^) n Zg(3o)/Nso(^)) " ttq (G+) . 

Proof. The inclusion Go ^ G+ defines an isomorphism 7ro(Go) ^ 7ro(G+). 
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We showed in the proof of Proposition 7.4 that every connected component of 
Go contains an element of Ng({)) H Gq and that NG(f)) n Gq = NG(t)) n Zg(3o)- 

Since So is an ideal of go = 5o ©3o, the analytic subgroup Sq is normal in Go and 
we already noticed that is contained in Zg(3o)- Moreover, Nso(f)) — ^g{^) H Sq . 

Let Tq be the analytic Lie subgroup of Go with Lie algebra 30 • Then So M To 
is the connected component of the identity in Go. We have : 

ToCHcNG(l))nZG(3o)- 
Hence we obtain isomorphisms : 



Ng(I)) n Zg(3o) g Go - . ^ ,„ ^ 

yielding the isomorphism in (7.25). □ 

We denote by Ho the Cartan subalgebra of Sq corresponding to f)o. Since So C 
Zg(3o), we have: 

(7.27) Uo^{geSo\Adig)iH) = H, VJf e ()o } = H n So . 

By (7.27), we obtain for the analytic Weyl group 'W{so, l)o) = Nso(l^o)/Ho : 

(7.28) W(5o, i)o) = Nso([))/Zso(t)) = ^Soi^))/ (H n So) . 

Thus we can identify W(5o, f)o) with a subgroup of the centralizer Z-vv(g,^)(3o) of 
3o in W(0, [)). Since So is normal in Go, it turns out that W(5o, f)o) is normal in 
Zw(fl,f5)(3o)- We have: 

Theorem 7.8. Keep the notation and assumptions of Theorem 7.7. We iave a 
short exact sequence of groups and homomorphisms : 

(roq) 1 ^ ^L ^ NG(^)nZG(3o) ^ Zw(fl,b)(3o) 

^ ' Ho Nso(^o) W(so,f)o) 

We obtain an exact sequence of finite groups : 
(7.30) i^^J^)^^„(G^; Zw„.*,(3„) 



Ho; ^' W(so,flo) 

When f) is maximally compact in then Ho is connected and (7.30) yields the 
exact sequence : 

When f) is maximally noncompact in then Z'vv(5,[))(3o) — W(so5 f)o) ^nd (7.30) 
yields the isomorphism : 

(7.32) TTo - TTo (G+) . 
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Proof. Since Zw(0,[))(3o) is a finite group, (7.30) is a consequence of the exact 
homotopy sequence of a fiber bundle, of (7.29) and of Theorem 7.7. Thus a proof 
of (7.29) also provides a proof of (7.30). 

We observe that H is a normal subgroup of NG(f))nZG(3o) and that the quotient 
(NG(f)) n Zg(3o)) /H is naturally isomorphic to the centralizer Z-w^g f,)(3o) of 30 in 
the analytic Weyl group W(g, [)). Moreover, Nso(f)o) is contained in Zg(3o) and 
Nso(f)o) nH = Hq. Thus (7.29) follows from the general homomorphism theorems 
of groups. 

If f) is maximally compact, then ()o is a maximally compact Lie subalgebra of 
5o- Then (see e.g. [Kn, Proposition 7.90, p. 488]) the Cartan subalgebra Hq is 
connected and (7.31) follows from (7.30). 

If [) is maximally noncompact, then, by [Kn, Proposition 7.90, p. 488] the Cartan 
subalgebra H intersects every connected component of G_|_. This implies that 
the map 7ro(H/Ho) — ^ 7r(G4-) in (7.30) is onto and hence (7.32) holds true and 

Zw(fl,b)(3o) = W(so,M- □ 

We describe now 7ro(G+) in terms of characters : 

Proposition 7.9. Let f) be a maximally noncompact Cartan subalgebra of g+. 
Fix a Weyl chamber C e €{TZ) such that B{C) = {cti, . . . ,0:^} contains a basis 
Bo{C) = {cKi, . . . , CK^} of simple roots of fl Q^. Let E = (a^+i, . . . , a^)-'-. 
Then : 

(7.33) 7ro(G+) ~ ttq ({x e Hom'^(^(7^), C*) | x(a*) = 1 , V^i G ^(7^) n E}) . 

Proof. We denote by wq the orthogonal projection onto {am+i, ■ ■ ■ ,ct£)'^- Let 
B*{C) = {uji, . . . ,Lijg} be the adjoint basis of B{C). Then we have 'U7o{r]) = 

Elli {v\c^^)^i- We can identify 7^' = 7^(5o, ^0) with wo{Q'' D Q'^). The ad- 
vantage of this identification is that the corresponding weight space 11(7?.') becomes 
a subspace of 11(7^), and moreover : 

(7.34) ^(7^') = wo(U{n)) = u{n) n (a^+i, . . . , ae)^ . 

In this way, for each character x ^ Hom'^(n(7^), C*), the composition x ° ^0 is 
still a character of Hom'^(n(7^), C*), whose restriction to 11(7^') is a character in 
Hom'^(^(7^'), C*), and we have : 

(7.35) Uo = {h^\x^ Hom'^(n(7e'), C*)} = { | X e Hom'^(n(7e), C*)} . 
Thus, setting: 

(7.36) Hi = {h^ I X e Hom-(^(7^), C*) , x(^) = 1 Vr/ e ^(7^')} , 
the map : 

(7.37) ll3h^^h-^^oh^eli, 

yields, by passing to the quotient, the isomorphism H/Hq — > Hi, which implies 
(7.33). □ 
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Corollary 7.10. Let (g, q) be an effective parabolic totally real CR algebra. Let 
i) be a maximally noncompact Cartan subalgebra of q contained in and let 
C e C^(7^, Q) be S-Gt for (g, q) and hence S-adapted to the conjugation a. Then 
7ro(G+) is isomorphic to Z^, where e is the number of roots in H TZre- 

Proof. By inspecting the Satake diagrams of the simple real Lie algebras, we obtain 
that xi'^i) is a positive real number when coi is a real weight corresponding to a 
complex root ai e B{C). Then the statement follows from Proposition 7.9. 

Another independent proof can be given, using [DKV] and [Wi]. Because G is 
connected, we have an exact sequence : 

(7.38) ••• > 7ri(G/G+) > 7ro(G+) > 1. 

Take ^'q = \ T^ie- Then also q' = q$'^ is the complcxification of a real 
parabolic subalgebra g'^ of g. By [Wi] and (7.38), the stabilizer G'_^ of q' in G is 
connected. By Proposition 7.9, this implies that x('^i) > on the real u>i e B*{C) 
corresponding to a complex root ctj in B{C). Again, the statement follows from 
Proposition 7.9. □ 

For each uj e n(7^) there is, modulo isomorphisms, a unique irreducible finite 
dimensional complex linear representation '■ Q ^ for which uj is an 

extremal weight. For each weight r] we denote by : 

(7.39) = {veV^\ p^{H){v) = rj{H) v,yHei)} 
the eigenspace of V^j corresponding to the weight rj . Let : 

(7.40) 0c. = {^e0|Pa;(OcC}- 

Since the eigenspace of uj is one-dimensional, for each Z E Quj there is a unique 
complex number, that we shall denote by u>{Z), such that : 

(7.41) pUZ)iv) = ujiZ) V, VZ e 0^ , Vi; e "C . 

This agrees with the natural definition of a;(Z) by the duality pairing when Z e ^. 
Proposition 7.11. Let uji, UJ2 E n(7?.) and uj = uji+ (jJ2- Then : 

(7.42) n C 0a; 

and : 

(7.43) uj{Z) = uji{Z) + UJ2{Z) , VZ e n 0a,, . 

Proof. There is an injective homomorphism of g-modules — > K;i ® K;2 that 
maps into ® V^^ . For Z e g, we have {p^^ ® p^^ ) {yx ® v^) = pu^^ (Z) (vi) 
V2 + vi(S) p^^{Z){v2) for aU vi e V^-^, V2 G K,,. This implies (7.42) and (7.43) . □ 

We also have : 
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Lemma 7.12. Let uj G 11(7^(0, [))) and {)' another Cartan subalgebra ofg contained 
in g^. Let VJ^ be an irreducible g-module with extremal weight uj. Then : 

(i) There is a weight uj' G II{71{q, i)')) that is an extremal weight for ; 
(ii) we can choose uj' G 11(7^(0, \)')) in such a way that = ; 
(in) = g^' and uj{Z) = uj'{Z) e q^. □ 

Since we took a simply connected G, for each uo G 11(7^), the representation 
Pu) '■ — Q'^ci^cu) hfts to a representation : G ^ GLc(K;). The stabihzer of 
the hne in G contains the Cartan subgroup H of G and therefore is the closed 
connected subgroup G;^ of G with Lie algebra g^)- The map a; : — > C also lifts 
to a character ipi_j : G^, — > C*, with (/?t^(exp(Z)) — exp(ci;(Z)) for all Z G 0^; . 

We observe that every parabolic q containing f) is equal to some g^j, for a suitable 
choice of a; G 11(7^). This choice is not unique. It can be done in the following way. 
First we choose a Weyl chamber C G ^{TZ, Q). Let q = q$^ for C B{C). Let 
B*{C) be the adjoint basis in 11(7?.) and $*(C) = {uji, . . . ,ujk} the set of elements of 
B*{C) that vanish on B{C) \ ^c- Then for any A;-tuple of strictly positive integers 
{ti, . . . , tk) we have : 

(7.44) q = = f] gu,i- 

l<i<k 

Proposition 7.13. Let Q he the parabolic subgroup of G of the parabolic complex 
Lie subalgebra q. Then, with the notation above: 

(7.45) Q = Pi G,,, and Homc(Q, C*) ^{^^\ue U{n) n (Q'')^} 

l<i<k 

is the free Abelian group generated by (fi^^^, . . ., <^^;j. . 

Proof. The inclusion {v?c^ | w G U{n) n {Q'')^} C Homc(Q, C*) is a consequence of 
the previous discussion. 

To prove the opposite inclusion, we fist observe that a character in Homc(Q, C*) 
restricts to a character in Homc(H, C*), and hence is of the form Lp^o for some u G 
n(7?). Moreover, being connected, Q admits a Levi decomposition Q = QssQrad 
and (Puj{g) = I for g E Qss(= the Levi subgroup of Q). This yields (a;|Q;^) = for 
aeQ'. □ 

Lemma 7.14. If uj & n(7?.) is a real weight, then (f^ is real valued on G^ fl G. 

Proof. Prom ipi^{exp{Z)) = exp(a;(Z')) for Z G 0a; we obtain that (Puj{g) is real when 
g belongs to a neighborhood of the identity in G^; n G. Since (Puj{g) is an algebraic 
function of g, the statement follows because any neighborhood of the identity is 
Zariski dense in G^, fl G. □ 

Let (^?, [)) be a Cartan pair adapted to the effective parabolic CR algebra (0, q), 
choose C G €(7?., Q) and set : 

= {^1, ■■■,oJk} = B*{C) n (Q^ n Q^)^ . 

Then G+ C ni<i<fe Ga;^, and we can define the map : 

(7.46) ^,G^^g^ (^^^ (^), . . . , (^)) e (c*)'^ . 
We have : 
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Theorem 7.15. The map (7.46) yields, by passing to the quotients, a group iso- 
morphism : 7ro(G_|_) 7ro(¥?(G+)). 

Proof. By using Lemma 7.12, we can restrain to proving the Theorem in the case t) 
is maximally noncompact among the admissible Cartan subalgebras of q contained 
in Moreover, by passing to the weakest CR model, we can as well assume that 
QT — Qr gy Proposition 7.9, we obtain a commutative diagram: 

7ro(H/Ho) 

(7.47) ; 

showing that also ^* is an isomorphism. □ 

In particular, when (g, q) is totally real, i.e. q = q, we obtain, by using Corollary 
7.10: 

Theorem 7.16. Let {g, q) be a totally real parabolic CR algebra, f) a maximally 
noncompact Cartan subalgebra of q contained in q^, C & ^{T^, Q) an S-Gt (and 
S- adapted ) Weyl chamber. Set : 

B(C) = {«!,..., a^}, {«!,..., = $cnKe, B*{C) = {uji, . . . ,uje} ■ 
Then (/p^. (g) G M* for 1 < i < /x. The map : 

(7.48) G, 3 , ^ f . . . , e {-1, l}'^ = 

de&nes, by passing to the quotient, an isomorphism : 

(7.49) <pl:7roiG+)3[g]^<p\g)eZ^. □ 



. 7ro(G+) 

^ 7To(cp{G+)) 



Theorem 7.17. We keep the notation and assumptions of Theorem 7.16. For each 
a e n TZre, ^et Sq, be the simple analytic real subgroup of G, with Lie algebra 
-Sq; = n (g'* e 0"'* © [0",0~"])- Let t* be a generator of 7ri(SQ,) ~ Z, and let 
tct be its image in 7ri(G/G+) . Then {ta \ « G H T^-re} is a set of generators 
of 7ri(G/G+), and the homomorphism S : 7ri(G/G+) — > 7ro(G+) of the exact 
homotopy sequence (7.38) of the principal bundle G — > G/G_|_ is given by: 

(7.50) 5: 7ri(G/G+) 3 t^, ^ (1, . . . , -1 , . . . , 1) e ~ 7ro(G+) . 



Proof. By using results from [DKV], in [Wi, §2] it is shown that the fundamental 
group of G/G_|_ is generated by the images of the generators of the 7ri(So,)'s, for 
simple roots a e $c H TZre- In fact the generalization of the Bruhat decomposition 
in [DKV] yields a cell decomposition of G/G-(- where the open 1-cells correspond 
to roots a e $c H TZre- Let pa ■ sl{2,M.) Sa be the representation with : 
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We still denote by pa the corresponding group representation SL(2, 
open 1-cell corresponding to a can be parametrized by : 



S«. The 



= Pa[{"^-^ I)] I -7r/2<t<7r/2} . 

Since g+{t) = Pa ^(^'^°q^ i/co^t) ^ ^+ 1^1 ^ "'''Z^' closure in G/G+ of 

this 1-cell is the loop that is the image in G/G+ of : 

[-7r/2, 7r/2] 3 t ^ goit) = g{t)g^{t) = p« [[^Z, Zl) _ ' 

that coincides with a maximal compact torus of Sq,. We note that go{Tv/2) = e, 
while go{—7r/2) = eKp(i7rHa)- Hence (fi^j{go{7r/2)) = 1, and: 

¥'a,,(^o(-7r/2)) = exp(ma;,(iy«)) = exp(i7r(a;,|«^)) = . 
This proves (7.50). □ 

8. The fundamental group of parabolic CR manifolds 

In this section we give an explicit combinatorial description of the fundamental 
group of parabolic CR manifolds. We keep the notation of the previous sections. 
By using Proposition 6.18 and Theorem 7.16, we obtain: 

Theorem 8.1. Let (g, q) be an effective parabolic CR algebra and let M = M{q, q) 
be the corresponding homogeneous CR manifold. Then there exists a totally real 
parabolic CR algebra (g, q') such that 

G+ = {geG I Ad^(^)(q) C q} C G^ = e G | Ad^{g){q') c q'} 

and the G-equi variant map 

f:M^ G/G+ ^M' = M{q, q') = G/G'+ 

has simply connected complex fibers. With F = G^/G+, we obtain exact se- 
quences: 



(8.1) 



MG+) 



7ro(G' 



+) 



^ 1 



(8.2) 1 > 7ri(M) > miM') ^ 7ro(F) > 1. 

The induced map in homotopy /* : tvi{M) — * tvi{M') is injective and /*(7ri(M)) is 
a normal subgroup with finite index in ni{M'). 

Proof. Let q' be the parabolic qm of Proposition 6.18. We proved that the typical 
fiber F = G^/G+ is simply connected. Thus (8.1) and (8.2) are consequences of 
Serre's long exact sequence for the homotopy groups of a fiber bundle. By Theorem 
7.16, 7ro(G^) is a finite Abelian group. Hence 7ro(G+) is normal in 7ro(G^) and 
7ro(-F') ^ 7ro(G'_^)/7ro(G+) has a natural structure of Abelian group. Then also 
the maps in (8.2) are group homomorphisms and therefore /*(7ri(M)) is a normal 
subgroup of ni{M'). □ 
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Corollary 8.2. If g is a simple real Lie algebra of the complex type or of real type 
A I, A Ma, A IV, B I, CI, D I, DWb, EM, EIV, FI, then aU orbits M = M{g,q) 
are simply connected. 

Proof. The multiplicities of the simple real roots of g are always different from one, 
hence M' = M{q, q') is simply connected, forcing M to be simply connected. □ 

Note that the M(g, q') for a totally real parabolic CR algebra (g, q') are the real 
flag manifolds, and that there is a precise formula to compute their fundamental 
groups (see e.g. [DKV], [Wi]). Let i)' be a maximally noncompact Cartan subalge- 
bra of g contained in g'j^, fix an S-fit (and S-adapted) C e €{Tl{g, ^'), Q') and let 
{q!i, . . . , am} = S{C) n TZre- Then 7ri(M') is described by generators to,^, . . . , 
that satisfy the relations : 

(a ■ I a V ) 

(8.3) t^^t^. = ta/-''^ for l<i,j<m, t^, = e if ^ ^'c . 

By using Theorem 7.17 we can now give a description of 7ri(M) : 

Theorem 8.3. Let (g, q) bean effective parabolic CR algebra and (i?, I)) an adapted 
Cartan pair for (g, q) with {) maximally noncompact in g^. Let H be the corre- 
sponding Cartan subgroup of G. 

Let (0, q') be the totally real parabolic CR algebra of Theorem 8.1, (7?, [)') an 
adapted Cartan pair for {g, q') with f)' maximally noncompact in g. 

Fix a Weyl chamber C e <i{n' , Q'), where W = n{g, and Q! is the parabolic 
set of q' in TV , that is S-fit to {g, q') and S-adapted. With B{C') = {ai, . . ., ai} 
and B*{C') = {ui,...,ioi} (defined by (c^i|aj) = 5ij), if {coi, . . . ,cc;^} = B*{C') n 

[Q' ^] , we have {ai, . . . , a^} = $c' (Q') H T^^g . Let us consider the maps 

cp^:G'+^ of (7.48) and S : 7ri(M') of (7.50). 

Then we have : 

(8.4) 7ri(M) = 6-^ (0^(H)) . □ 

Corollary 8.4. Let {g, q), be an effective parabolic CR algebra, M — M{g, q) 
the corresponding parabolic CR manifold. Let M' = M{g, q') and f : M ^ M' 
be dehned as in Theorem 8.1. If there is a Cartan subalgebra i) adapted to both 
(0, q) and (g, q') and maximally noncompact in g'_^, such that moreover H/Z(G) is 
connected, then /* : 7ri(M) 7ri(M') is an isomorphism. 

Proof. For the isotropy subgroup G'_,_ of M' we have, by (7.32), that 7ro(G'_,_) ~ 
TTo (H/ (HnSo)), where Sq is an analytic semisimple subgroup of G'_,_. Since 
Z(G) C G+, the inclusion H G^ defines, passing to the quotients, a surjective 
map 7ro(H/Z(G)) ttq (G'+/G+). Thus the fiber of /: M ^ M' is connected 
and, by Theorem 8.1, /* : 7ri(M) — > 7ri(M') is an isomorphism. □ 

Corollary 8.5. With the notation of Corollary 8.4, if g is a simple Lie algebra of 
real type AUb, DUIa, then the map /*:7ri(M) — > 7ri(M') is an isomorphism. 

Proof. In fact in these cases H/Z(G) is connected for every choice of f), and we can 
apply Corollary 8.4 to obtain an isomorphism of the fundamental group of M{g, q) 
with the fundamental group of a totally real M(g, q'). □ 
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9. Examples 

In this section we apply our results to several examples. 

Example 9.1. Consider the semisimple real Lie algebra g = sl(3, R) of real 3x3 
matrices with zero trace. Let 61,62,63 be the canonical basis of C and 
{ei,e2,S3) the basis of given by: 

ei =ei+ ie2 , £2 = ei - ^62 , £3 = 63 . 
Let q be the complex Borel subalgebra of complex matrices Z G sl(3, C) such that 
Z{{ei)) C (£1) and Z((£i,£2)) C (£i,£2)- Let C q be the Cartan subalgebra 
of traceless matrices that are diagonal in the basis (£1,62, £3)- The corresponding 
Cartan subgroup : 

H = {diag(A, A, I A|-2) e SL(3, R) | A 0} 
is connected, hence also G-|. is connected. There exists a unique Weyl chamber 
C E C{TZ{q, i))) adapted to (g, q), which is both S-fit and V-fit. The corresponding 
diagram is : 

® ® 

CKi Q!2 

X X 

and we see that M = M(g, q) is weakly degenerate. The basis of the weakly 
nondegenerate reduction is the totally real parabolic CR manifold M' = M{q, q'), 
where q' = {Z e 5l(3,C) \ Z{{ei,e2)) C (£i,£2)}- Its diagrams, with respect to 
the Cartan subalgebras f) and [)', where I)' is the maximally noncompact Cartan 
subalgebra of traceless diagonal matrices in the basis (ei, 62, 63) , are : 

® e ~ o o 

CKi a2 Oil Oi2 

X X 

By [Wi] the fundamental group of M' is ni{M') = Z2. On the other hand, by 
Corollary 7.10 the fiber of the weakly nondegenerate reduction has two connected 
components. Hence the exact sequence (8.1) implies that M is simply connected. 

Example 9.2. Let us compute the fundamental group of M{q, q) in the case of 
Example 6.1. Since in this case q is Borel and the Cartan subalgebra {) is maximally 
compact, we know that the isotropy G-|- = {X e g |adg(X)(q) = q} is connected 
(see [Kn, Prop. 7. 90]). Consider the fiber F over the point ((ei, 64), (ei, 62, 64, 65)). 
Wc can verify that F has 4 connected components and TToiF) ^ Z2 x Z2. The fun- 
damental group of M(0, q3) can be computed using [Wi]. We have tti{M{q, q^)) — 
Z2 X Z2 and thus, from the exact sequence : 

1 ^ 7ri(M(0,q)) ^ 7ri(M(0,q3)) ~ Z2 x Z2 ^ 7ro(F) ~ Z2 x Z2 ^ 1 

we obtain that M(g, q) is simply connected. 

Example 9.3. Consider the complex fiag manifold DJl of SO(5, C), consisting of 
the complex projective lines contained in the quadric + 2^o^4 + 2^i^3 = 0} C 
CP^. We identify the Lie algebra so (5, C) to the matrix algebra: 

50(5,C) ~0 = {Z es[(5,C) |*Z^5 = 0} for ^5 = ^ 
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We consider the real form q ~ 50 (2, 3) of 50 (5, C) defined by : 
so{2,3)^Q ={Z eQ\Z*K + KZ = 0} for K 



( ^\ 

10 

0-10 



Let M be the orbit of the projective fine corresponding to the plane 1^2 = (61,62) 
of by the action of the analytic subgroup G with Lie algebra : M is the 
submanifold of the Grassmannian of the complex 2-planes in C^, consisting of 
those that are totally isotropic for the symmetric form and degenerate, with 
signature (+,0), with respect to the Hermitian symmetric form K. Denoting by 
q the stabilizer of (61,62) in SO(5,C), we have M = M(g, q). Take the Cartan 
subalgebra f) of g consisting of the diagonal matrices. With 61,62 also denoting 
the value of the first and the second diagonal entry, we note that the conjugation 
a is defined in f)^ by a{ei) = -(-1)^6^. Take the Weyl chambers C,C' e €{n, Q) 
associated to the basis B{C) = {ei — 62, 62} and B{C') = {e2 — ei, ei}. Then C is 
S-fit and C V-fit for (g, q). We can describe M by the cross-marked diagrams : 

e > =® e > =0 



CKl Q!2 



X X 



2 



From the first diagram we see that (g, q) is fundamental, since = {«2} and 
CKi = CKi + 2q;2 from the second we see that (g, q) is weakly non-degenerate, 

because = {'^'2) and a'^ — ol^ >-c' 0. The weakest CR model of (g, q) is 
the parabolic CR algebra (g, 0) = (g, q$»^), with $^ = {cti, 612 }• The weakly non- 
degenerate reduction of (g, o) is the totally real parabolic CR algebra (g, q*,^), with 
*c = {ai}: 



e =® — > e =® 

OL\ OL2 OL\ Oil 

X XX 

By composition we obtain the G-equivariant projection : 

M(g, q) ^ M (g, 0) ^ M' = M(g, q*c={«i}) 
of M onto a totally real parabolic CR manifold M' . This projection associates 
to each ^ M the isotropic line I2 H where ± is taken with respect to the 
Hermitian symmetric form K. The fiber over t\ = (ei) consists of the planes 
generated by the columns of the matrices 

{zo : zi : Z2) e 
with ^ 2^0-22 + z^ = 



/I 0\ 

' ^0 ^ 

zi 

.0 Z2 , 

Vo y 



^0^0 + Z2Z2 > ZiZi. 



Then we see that the fiber is biholomorphic to CP"*^ \MP^, that is the disjoint union 
of two disks in C. Thus the fiber F of the projection M — > M' has two connected 
components and 7ro(-F) ^ ^2- Note that, by [Wi], 7ri(M') ~ Z. Thus the Serre's 
exact sequence : 

1 > 7ri(M) > 7r(M') ~ Z > 7ro(F) ~ Z2 > 1 

shows that 7ri(M) ~ 2Z ~ Z . 
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Example 9.4. Let (ei)i<i<4 be the canonical basis of C^, and g ~ si{4, M) consist 
of the elements of s[(4, C) that have real entries in the basis (£i)i<i<4. We introduce 
the basis 

ei = £i + iS2 , 62 = £i — iS2 , 63 = £3 + is^ , 64 = £3 — iS4 . 

We take the complex flag manifold 9Jl whose points are the pairs (^1, ^3) of a complex 
line ii of and a complex 3-plane £3 with £1 C £3 C C'*, and consider the G-orbit 
M that contains the point = (ei) C (ci, 62, 63) : we have M = M{q, q) where q is 
the stabilizer in § ~ sl(4, C) of 0. Consider the Cartan subalgebra i) of the elements 
of Q that are diagonal matrices in the basis (ei)i<i<4. With ei{H) also denoting 
the value of the z-th entry of fZ" e I^k, we note that B{C) = {cti = — e^+i | 1 < 
i < 3} is the system of simple roots for an S-fit Weyl chamber C G C(7^, Q), and 
B{C) = {a'l = Ci — 63 , 0^2 = 63 — 62 , a'^ =62—64} is the system of simple roots 
for a V-fit Weyl chamber. The corresponding cross- marked diagrams are : 

.■■*■.. .■■*■■. 

® e ® ®- ^e^ 

«i «2 as a'2 

^ ^ X X 

Since ^2 = cti + q;2 + CI3, from the first we see that (g, q) is fundamental, while the 
second shows that (g, q) is weakly nondegenerate. Its weakest CK model (g, d) has 
a totally real weakly nondegenerate reduction (5, q'), corresponding to diagrams : 

® © ® > ® © ® — ^ o o o 

OL\ OL-l OL-i OL\ OL2 OLZ 3x 02 03 

XXX X X 

where the last diagram is obtained by utilizing the Cartan subalgebra of real di- 
agonal matrices of q with respect to the canonical basis (£i)i<i<4. Using [Wi], we 
obtain that 7ri(M(g, q')) ~ Z2. The isotropy subgroup G_|_ of M(g, q') is isomorphic 

to the group of matrices of the form with A,B,C real 2x2 matrices 

with det(A) ■ det(C) = 1, and hence has two connected components. The isotropy 
subgroup G+ of M(g, q) is connected: indeed G-|- = N x H for an Euclidean 
N = exp(n) and a Cartan subgroup H = ZG(f)) that is connected because i) is 
maximally noncompact (cf. [Kn, Proposition 7.90, p. 488]. Thus the fiber G^/G-|. 
has two connected components. Thus, from the exact sequence : 

1 > 7ri(M(0,q)) > 7ri(M(0,qO) > MG'+/G+) > 1 

' V ' ^ V ' 

~ Z2 ~ Z2 

wc obtain that M(g, q) is simply connected. 

Example 9.5. Let (£i)i<i<6 be the canonical basis of C^. Let G ~ SL(6, R), 
with Lie algebra g, be the subgroup of SL(6, C) consisting of the matrices with real 
entries. Consider the basis 

e'l = £1 + i€4 , 62 = £2 , 63 = £3 -h iSQ , 64 = £1 - Z£4 , 65 = £5 , 66 = £3 -h iSQ . 

Let q be the stabilizer of {e[, e'2) C {e[, 63, 63, 64) in sl(6, C) and consider the para- 
bolic CR algebra (g, q). The matrices in g that are diagonal in the basis e'^, . . . , eg 
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form a Cartan subalgebra J) of g adapted to (g, q). Then [)k consists of the matrices 
of 5 = sl(6, C) that are real and diagonal in the basis e[, . . . ,6^. We identify e[ to the 
evaluation function of the i-th diagonal term of H e Then the = ^-re 
the simple root of a C" e €{Tl, Q) that is V-fit for (g, q). We have the cross-marked 
diagram for (g, q) : 

.■■*■■. .■■*■■. 

e ® e © e 

a'l Q!2 Oi's Q!4 a'^ 

X X 

Since ^c' = {^2' '^'4} ^2 — ci2+<^3+'^4+<^5 '^C" 0, 0^4 = a[+a2+a'^+a'^ >~c' 0, 
the CR algebra (0, q) is weakly nondegenerate. We obtain an S-fit Weyl chamber 
for (0, q) by reordering the basis e'^, . . . , eg. Set : 

ei = 62 , 62 = e'l , 63 = 64 , 64 = 63 , 65 = eg , eg = e'g . 

Then ai = ei — e^+i (1 < ^ < 5) is the basis B{C) of an S-fit Weyl chamber 
C e C (7?., Q) yielding the cross-marked diagram : 

© ® © ® © 

CKl a.2 Q!3 Q!4 CKs 
X X 

Since $(7 = {0^2, 0^4} and 0:3 = q;2 + as + 04 >~c 0^2, CI45 the Ci? algebra (g, q) is 
also fundamental. The weakest CR model (g, o) of (g, q) is obtained by taking the 
complex Borel subalgebra of g associated to the chamber C. We have = q<j,ti 

with $^ = {«!, q;25 Q;3, q;4, as}. The weakly nondegenerate reduction of (g, q) is the 
totally real CR algebra (g, q*^) with \E'c = {cii, 0:3, 05} : 

© ® © ® © — > © ® © ® © 

ai a2 0C3 0:4 0:5 CKi a2 0C3 0:4 

xxxxx X X X 

By composition we obtain a G-equivariant fibration : 
M = M(g,q) M' = M(g,q*^), with (£2 C £4) ^ (•^2n£2 ceAOhC i4 + h)- 
The fiber F over (ei) C (61,62,63) C (61,62,63,64,65) consists of the pairs 
(i'2 C £4) where £2 is a complex 2-plane with (ei) C £2 C (61,62,63) and £4 is a 
complex 4-plane with (ei, 62, 63) C £4 C (ei, 62, 63, 64, 65), with £2 7^ £2 and £4 7^ £4. 
Thus 7ro(F) ~ Z2 XZ2. On the other hand, by [Wi], we have ni{M') ~ Z2 XZ2 XZ2. 
From the exact sequence 

1 > 7ri(M) > 7Ti{M') ~ Zl > 7ro(F) ~ Z^ . 1 

we obtain that 7ri(M) ~ Z2. 

Example 9.6. Let g ~ so(5, C) be as in Example 9.3. We take now g ~ so(2, 3), 
defined by : 



g = {Z e g I Z*K + KZ = 0} with K = 




Let q be the stabilizer of the line (ei) C and consider the orbit M = M(g, q). 
Our M is one of the two connected components of the manifold M'^ the nonreal 
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lines ii, contained in the quadric cone {2zqZ4^ + 2^123 Z2 = ^} C C^, for which 
(£1 + ^1) is a totaUy isotropic complex 2-plane for the Hermitian symmetric form 
K. The involution £1 — > Ii interchanges the two connected components of M+. 

The diagonal matrices in q define a Cartan subalgebra of Q adapted to (0, q). As 
usual we denote again by the value of the i-th entry in the diagonal of f)M- Then 
we define a V-fit C and an S-fit C by taking B{C') = {a'l = ei + 62, 02 = —^2} 
and B{C) = {ai — ei — 62, 0:2 = 62}. The associated cross-marked diagrams are : 

.■■*■■. 

O "^ : > =9 and ® > =® 



a[ a'2 «i «2 

X 



X 



From the first, as q = q$^, with = {c^!} and = ct']^ )-c" 0, wc sec that 
[g, q) is weakly nondegenerate; from the second, as q = q$^ with = {(^1} a-nd 
0:2 = cti +a2 I^c we see that (g, q) is also fundamental. The weakest CR model 
of (g, q) is (s, q^tt ) with = {ai,a2}- The basis of its weakly nondegenerate 
reduction is the totally real CR algebra (g, q*,-,) with — {0^2} ■ We can represent 
these maps by the diagram : 

® =® — > ® =@ ^ o =0 

«! 012 ai a2 



XX X 



X 



where the last is the cross- marked Satake diagram of (g, c\^c)i cross-marked 
diagram for an S-fit and S-adapted C and a maximally noncompact f). We have, 
by [Wi, Theorem 1.1], 7ri(M(0, q-j-c)) — ^2- We observe that the stabilizer in the 
connected component of the identity of SO(2, 3) of a totally isotropic 2-plane £2 C 
keeps its orientation and is connected. Thus the the fiber F of the projection 
-^(flil) ~^ -^(0>C|*c) connected because the isotropy subgroup of M{g,q-^^) is 
connected. Therefore 7ri(M(g, q)) ~ 7ri(M(g, q^^.)) ~ Z2. 

Example 9.7. Let g be a simple real Lie algebra of type FI (split real form). We 
fix a Cartan subalgebra f) of g, such that the conjugation a defined in g by the real 
form g restricts in f)i^ = M"* = (ei, 62, 63, 64)^ to the linear involution that is defined 
on the canonical basis by: ci"(ei) = —63 , cr(e2) = 64 , ^{es) — — ei , (7(64) = 62 . 
The vectors cti = 62 — 63, q;2 = 63 — 64, as = 64 and = ^ (ei — 62 — 63 — 64) 
are a basis of simple roots oiTZ = TZ{q, ^). We consider the parabolic CR manifold 
M(g, q) that corresponds to the cross-marked diagram: 




This is a representation of (g, q) in a V-fit Weyl chamber C e ^(7^, Q)- Since 
CKi 0, 0:3 0, by Theorem 5.9 the CR algebra (g, q) is weakly nondegenerate. 

Consider the Weyl chamber Ci obtained from C by the symmetry s^^. We 
have B{Ci) = {e2 — 64, 64 — 63, 63, |(6i — 62 — 63 — 64) } — {a'l, o!^-, cus, o!/^ and the 
cross-marked diagram for (g, q) for the chamber C\ e C(7^, Q) is : 



=0 O 

«3 

X X 



<^3 <^4 
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This diagram is S-fit. Since = 'ia'i + 'ia'2 + 4q;3 + 2a'^, by Theorem 5.5 the 
parabohc CR algebra (g, q) is also fundamental. 

Our next aim is to construct the fibration of Proposition 6.18. First we observe 
that the weakest CR model of (fl, q) is (0,01) with Di = q{a;,a^,a^}- Its weakly 
nondegenerate reduction is (g, (\2) with q2 = ^{a'^}- 

To compute its weakest CR model, we need to find an S-fit Weyl chamber C2 for 
(0, q2). This is provided by the basis of simple roots B{C) = {l3i, (32, (^3, (3^} with 
/3i = 62 - 64, (32^ ei- 62, (33 = |(ei - 62 - 63 - 64), (3^ = -^(ei - 62 + 63 - 64), 
that is obtained from B{Ci) by the rotation si(^^^_^^_^^^_g^^ o of W{TZ). The 
corresponding cross-marked diagram for (g, q2) is: 

® e > =0 e 

Pi (32 (33 /?4 

X 

Since = /?i + 2/^2 + 2/?3 + /?4, the weakest CR model of (g, q2) is (g, D2) with 
O2 — ^{132, (3a}- The Ci? algebra (0,02) has the weakly nondegenerate reduction 
(0, q{/34}). The element A = (—1, —1, +1, —1) of f)K defines the parabolic set of O2 
and A — A shows then that (0, 02) is totally real. Thus, by choosing a maximally 
noncompact Cartan subalgebra [)' adapted to (0, O2), we can associate to (0, O2) its 
cross-marked Satake diagram as a totally real parabolic minimal CR algebra: 

o o > =0 o 

7i 72 73 74 

X 

Then the isotropy subgroup of M(0, 02) has two connected components, and 
the fundamental group 7ri(M(0, D2)) is isomorphic to Z2 and is generated by any 
simple path joining the two connected components of G^. By using Lemma 7.1 
and (7.32) of Theorem 7.8, we find that H has four connected components and 
(f^i(R) has two connected components. Hence Theorem 8.3 yields 7ri(M) ~ Z2. 
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